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SUMMARY 
 
A fixed point of a mapping is an element in the domain of the mapping that is 
mapped into itself by the mapping. The study of fixed points has been a field 
of interests to mathematicians since the discovery of the Banach contraction 
theorem, i.e. if       is a complete metric space and        is a contraction 
mapping (i.e. there exists       such that                  for all 
     ), then   has a unique fixed point. The Banach contraction theorem 
has found many applications in pure and applied mathematics. Due to fixed 
point theory being a mixture of analysis, geometry, algebra and topology, its 
applications to other fields such as physics, economics, game theory, 
chemistry, engineering and many others has become vital. The theory is 
nowadays a very active field of research in which many new theorems are 
published, some of them applied and many others generalized.   
Motivated by all of this, we give an exposition of some generalizations of fixed 
point theorems in metric fixed point theory, which is a branch of fixed point 
theory about results of fixed points of mappings between metric spaces, 
where certain properties of the mappings involved need not be preserved 
under equivalent metrics. For instance, the contractive property of mappings 
between metric spaces need not be preserved under equivalent metrics. 
Since metric fixed point theory is wide, we limit ourselves to fixed point 
theorems for self and non-self-mappings on Banach and metric spaces. We 
also take a look at some open problems on this topic of study. At the end of 
the dissertation, we suggest our own problems for future research. 
 
Keywords: fixed point, Banach space, metric space, Banach contraction 
principle, Edelstein’s theorem, Suziki’s theorem, nonspreading mappings, 
Pseudo-contractive mappings. 
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INTRODUCTION 
 
In this thesis, we discuss generalizations of some fixed point theorems for self 
and non-self-mappings on metric and Banach spaces. Fixed point theory was 
started and motivated by the famous theorem known as the Banach fixed 
point theorem, the Banach contraction principle or the contraction mapping 
principle, found in Sections 2.2-2.3. This theorem, published in 1922 by 
Stefan Banach [1], says that every self-mapping on a complete metric space 
has a unique fixed point. 
The Banach Contraction Principle can be used to prove the Picard-Lindelof 
Theorem ( [2], Theorem 5.3-1) which is used to prove the existence and 
uniqueness of solutions of certain types of differential equations. It can also 
be used to prove the existence and uniqueness of solutions of integral 
equations as is shown in Example 2.1. For further applications on integral 
equations, see [2], pp. 319-323. Since fixed point theory has found many 
applications in pure and applied mathematics (see [3], [4], [5], [6], [7], [8]) 
such as theoretical and applied analysis, many theorems were generalized.  
Fixed point theory has a very rich theory; it has got a variety of applications in 
algebraic geometry, mathematical physics, chemistry, optimization theory, 
game theory, dynamical systems, economics, medical sciences and many 
others (see [9], [10], [11], [12]). Hence fixed point theory has become a very 
active field of research with many theorems in this field published and 
generalized. Motivated by all of this, we collect some results in metric fixed 
point theory and their generalizations. 
This thesis has four chapters. Chapter I is devoted to background and 
important results needed throughout the thesis. In Chapter II, we discuss 
mainly the Banach Contraction Principle and Edelstein’s theorem. 
In Section 2.4, we give some extensions of the Banach fixed point theorem 
and in Section 2.8, we discuss a recent theorem due to Suzuki, which gives 
both a characterisation of the metric completeness and a generalization of the 
Banach fixed point theorem. Suzuki’s theorem is also generalized in Section 
2.9. For converses of the Banach fixed point theorem, we discuss some 
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results in Section 2.5. A natural question arises: what will happen if we 
weaken the contraction condition of the mapping in the Banach contraction 
theorem? For instance, what if we consider contractive self-mappings (i.e. if 
      is a metric space and       a mapping,   is called a contractive 
mapping if                 for all      , with    )? The answer is that 
we might not necessarily have a fixed point, as is shown by Example 2.3.  
This motivates a theorem due to Edelstein, found in Section 2.6, which says 
that every contractive self-mapping on a compact metric space has a unique 
fixed point. This theorem has many recent generalizations. The first one is 
due to Suzuki and is found in Section 2.10; also this is later generalized in 
Section 2.11. We end Chapter II with an open problem concerning the 
generalized Edelsten- Suzuki theorem, where the hypothesis in the Edelstein 
Suzuki theorem is relaxed. 
Due to the usefulness of fixed point theorems in various branches of 
mathematics, fixed point theorems on other types of mappings and spaces 
are discussed. In Chapter III, we discuss some fixed point theorems on self-
mappings. In Section 3.2, we discuss theorems due to Browder and Kirk 
which give a partial solution to the following open problem: Does every 
reflexive Banach space have a fixed point?   In Section 3.2, we give results 
due to Edelstein, Kannan, Singh and their generalizations by Zamfirescu, 
which are generalizations of the Banach contraction theorem. 
In 2008, Kohsaka and Takahashi, during their study of resolvents of maximal 
monotone operators on Banach spaces, defined new types of mappings 
called nonspreading mappings [13]. In 2010, Takahashi [14], defined another 
type of mappings called hybrid mappings. These types of mappings were later 
generalized to generalized hybrid mappings.  Sections 3.5 to 3.9 contain 
generalizations of some fixed point theorems of these recently defined 
mappings, namely nonspreading mappings, hybrid mappings, generalized 
hybrid mappings, widely generalized hybrid mappings, super hybrid 
mappings, and widely more generalized hybrid mappings. These names show 
that each type of mapping generalizes the previous type of mappings. In 
addition, we have other recent types of mappings called symmetric 
generalized hybrid mappings. These mappings cover nonexpansive 
  
Nelson Mandela Metropolitan University  viii 
 
mappings, nonspreading mappings, hybrid mappings and contractive 
mappings.  The symmetric generalized hybrid mappings are generalized by 
symmetric more generalized hybrid mappings. By introducing other types of 
mappings called widely strict pseudo-contractive mappings, symmetric more 
generalized hybrid mappings are applied to prove some fixed point theorems 
of mappings such as strict pseudo-contraction mappings. Most of the results 
in Sections 3.5 to Section 3.12 are on Hilbert spaces. This motivates our 
recommendation for future research: Under what conditions will these types of 
mappings have a fixed point when defined on a general Banach space?  
Since having used the fixed point theorems for self-mappings  , the most 
difficult part is to define the appropriate domain of definition   of   such that 
      . This motivates the study of fixed points for non-self-mappings (i.e. if 
   , a mapping       is called a non-self-mapping if      is not 
necessarily contained in  ), and appears in Chapter IV of this thesis. This 
brings us to some concepts such as weakly inward mappings and Leray –
Schauder boundary conditions. These notions are defined in Subsection 1.3.4 
of Section 1.3. In Chapter IV, generalizations of the Browder-Kirk theorem and 
the Banach Contraction Principle to non-self-mappings, found in Chapter II, 
are given in Section 4.2 and Section 4.3. We end this chapter by some recent 
fixed point theorems for non-self-mappings in Hilbert spaces. These theorems 
generalize some of the results found in Chapter II on widely more generalized 
hybrid mappings, generalized hybrid mappings, widely generalized hybrid 
mappings, strict pseudo-contractive mappings and super hybrid to non-self-
mappings. Section 4.5 is devoted to results obtained by the author. The most 
important of them says if       is a complete metric space and   is a closed 
subset of  , and if       is a continuous map for which there is an     
and       such that                           for all      , then   
has a fixed point if and only if    {           }    (see Theorem 4.16). 
We end the thesis by a set of problems for future research. One of these open 
problems asks whether it is possible to obtain fixed point theorems on the new 
types of mappings such as hybrid mappings.  
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In order to not make the dissertation too long, we do not give examples of 
most types of mappings defined in the dissertation.  
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NOTATIONS 
 
Let  ,   denote a normed spaces and    the algebraic dual space of  . 
‖ ‖ : Norm of an element in a normed space. 
‖ ‖         
‖  ‖
‖ ‖
: Norm of an operator   defined on  . 
      : The space of all operators       such that ‖ ‖   . 
〈   〉 : Inner product. 
  : Convergence. 
     or weak-           : Weak convergence. 
    {   
  ‖ ‖   } : Unit sphere in   . 
   {    ‖ ‖   } : Open unit ball in  . 
 ̅  {    ‖ ‖   } : Closed unit ball in  . 
   : Infimum. 
   : Supremum. 
       : Limit infimum. 
      : Limit supremum. 
  ̅̅ ̅    : Convex hull of  . 
   {              
  ∑ |  |
 
                                 }. 
  : The space of all bounded sequences of complex numbers. 
 [   ]: The space of all real valued continuous functions on [   ]. 
  : The space of all equivalence classes of  - integrable functions. 
   The space of all convergent sequences of complex numbers. 
  : The space of all sequences of complex numbers which converge to zero. 
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 ̅: Closure of the set  . 
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CHAPTER I PRELIMINARIES 
 
In this section, we will give the background material needed throughout the 
dissertation. No proofs will therefore be given, unless a satisfactory reference 
of a given result could not be found. Familiarity with elementary concepts 
such as metric and normed spaces is assumed, and can be found in 
references such as [15], [2] and many others.  
1.1 Some results in Hilbert and Banach spaces 
 
Lemma 1.1 ( [16], pp. 1) If   is a Hilbert space, we have ‖         ‖  
      ‖   ‖   ‖ ‖       ‖ ‖  for all        
and    . 
Definition 1.1 (Lower semi continuous function) Let   be a topological 
vector space and          ] a proper function, i.e. there exists     
such that       . Then   is said to be lower semi continuous (l.s.c.) at 
     if  
                                        , 
where     is a base of neighbourhoods of the point     . The function   is 
said to be lower semicontinuous on   if it is lower semicontinuous on each 
point of  , i.e. for each    ,      implies that                    . 
Lemma 1.2 ( [17], lemma 2.1) Let   be a nonempty closed convex subset of 
  and let          ] be a proper convex lower semi continuous function 
such that         as ‖  ‖   . Then there exists an element      such 
that  
         {        }  
Definition 1.2 (A mean on   ) Let    be equipped with the supremum norm. 
If        , then the value of   at                   
 , denoted by     , 
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sometimes denoted by       . A linear functional   on  
  is called a mean if 
     ‖ ‖   , where              . 
Example 1.1 ( [4], Example 2.9.2) Consider   {               
         
 
 
∑          
 
   }  Let                    and 
                  . Then       
 
 
∑    
 
    and       
 
 
∑    
 
   exist.  
 
We show that   is a linear subspace of   .  
For all      , we have  
                                   .  
Hence       
 
 
∑           
 
     (      
 
 
∑    
 
   )   (      
 
 
∑    
 
   ) 
exists. 
Therefore   is a linear subspace of   . 
 
Define                            
 
 
∑    
 
   . Observe that        
and 
|    |  |    
   
 
 
∑   
 
   
| 
                   
 
 
∑|  |
 
   
 
              ‖ ‖   
We have ‖ ‖     
|    |
‖ ‖ 
  .  
Since   is linear and ‖ ‖        , it follows that   is a mean on      
Definition 1.3 (Banach limit) A mean   is called a Banach limit on    if 
                for all                   
 . 
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The following Theorem guaranties the existence of the Banach limit on   . 
Theorem 1.1 (The existence of Banach limit) ( [4], Theorem 2.9.4) There 
exists a linear continuous functional      such that ‖ ‖         and 
                for each                   
 . 
Theorem 1.2 ( [4], Proposition 2.9.5) Let   be a Banach limit. Then 
                               for all                   
 .  
Moreover, if     , then         . 
Lemma 1.3 ( [17], Lemma 4.1) Let   be a nonempty closed convex subset of 
a Hilbert space  . Let {  } be a bounded sequence in   and let   be a 
Banach limit. If       is defined by 
        ‖    ‖
   for all    , 
then there exists a unique      such that          {        }. 
Lemma 1.4 ( [4], Proposition 2.9.9) Let   be a nonempty closed convex 
subset of a Hilbert space  . Let {  } be a bounded sequence in   and let   
be a mean on   . Then there exists a unique point       ̅̅ ̅̅ {      } such 
that    〈    〉  〈    〉 for all    . 
The following definition can be found in ( [18], pp. 1606). 
Definition 1.4 (TWY mapping) Let   be a Hilbert space and let   be a 
nonempty subset of  . Let        be a mapping of   into  . For     and 
         , the mapping   defined by 
                        for all    , 
is called a TWY mapping generated by        . 
Lemma 1.5 ( [18], pp. 1606-1607) Let   be a TWY mapping generated by 
       . Then  
(i) ‖     ‖    ‖   ‖              ‖     ‖  
             ‖    ‖  ‖    ‖   
             ‖    ‖  ‖    ‖    
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(ii) ‖    ‖  ‖    ‖          ‖   ‖  ‖   ‖   
              ‖    ‖  ‖    ‖   
             ‖    ‖  ‖    ‖   
            ‖    ‖  ‖    ‖     ‖   ‖   
(iii) ‖    ‖  ‖    ‖          ‖   ‖  ‖   ‖   
              ‖    ‖  ‖    ‖   
             ‖    ‖  ‖    ‖    
(iv) ‖         ‖              ‖    ‖  ‖    ‖   
             ‖    ‖  ‖    ‖   
       ‖   ‖              ‖     ‖   
(v) ‖    ‖  ‖    ‖  ‖    ‖  ‖    ‖   
           ‖    ‖  ‖    ‖  ‖    ‖  ‖    ‖  
   ‖   ‖   
Lemma 1.6 ( [19], pp. 2499) Let   be a Hilbert space. We have  
‖   ‖  ‖   ‖  ‖   ‖  ‖   ‖   〈       〉 for all         
 . 
1.2 Weak topology and reflexivity 
 
Definition 1.5 (Natural embedding) Let   be a normed space and let 
        be the mapping defined by           for all    , where       
Then   is called the natural embedding mapping from   into    . It has the 
following properties: 
(i)   is linear:                                  
 [           ]    for all      ;       , and     . 
(ii)      is an isometry: ‖    ‖  ‖ ‖ for all    . 
When the natural identification is taken into consideration, we can write for 
each     that      , instead of         , and therefore we can identify   
with         . 
Remark 1.1 The natural embedding mapping from   into     is in general not 
onto. This motivates the following subsection. 
Chapter I 
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1.2.1 Reflexivity  
 
Definition 1.6 (Reflexive normed space) A normed space is said to be 
reflexive if the natural embedding                is onto.  In this case, 
we can write       or      , meaning that   and     are isomorphic as 
normed spaces. 
Example 1.2 ( [4], pp. 35) 
(i)    is reflexive. 
(ii) Every finite dimensional Banach space is reflexive. 
(iii)    and         , are reflexive Banach spaces. 
(iv) Every Hilbert space is a reflexive Banach space. 
(v)    and    are not reflexive Banach spaces. 
(vi)   and    are not reflexive Banach spaces. 
Proposition 1.1 ( [4], Proposition 1.8.3) 
(i) Any reflexive normed space is complete and hence is a Banach 
space. 
(ii) A closed subspace of a reflexive Banach space is reflexive. 
(iii) The Cartesian product of two reflexive spaces is reflexive. 
(iv) The dual of a reflexive Banach space is reflexive. 
Theorem 1.3 (James’s Theorem) ( [4], Theorem 1.8.4) A Banach space   is 
reflexive if and only if for each      , there exists      such that       . 
1.2.2 Weak topology           
 
A topology on  , called the weak topology on  , is defined by the bounded 
linear functionals on  . A set     is open in the weak topology if and only if 
for every    , there are bounded linear functionals            and positive 
numbers            such that  
{    ‖           ‖              }   . 
Chapter I 
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Then a subbase for the weak topology on  , generated by a base of neigbour- 
hoods of     , is given by the sets 
                {    |〈       〉|             }. 
Definition 1.7 (Weakly convergent) A sequence {  } in a normed space   is 
said to converge weakly to     if            for all    
 , and in this 
case, we write      or weak-          . 
Definition 1.8 (Weakly closed) A subset   of a Banach space   is said to be 
weakly closed if it is closed in the weak topology. 
Definition 1.9 (Weak Cauchy sequence) A sequence {  } in a normed 
space   is said to be weak Cauchy if for each     , the sequence {     } is 
a Cauchy sequence in  . 
Definition 1.10 (Weakly complete) A normed space   is said to be weakly 
complete if every weak Cauchy sequence in   converges to some point in   
with respect to the weak topology on  . 
Definition 1.11 (Weakly compact) A subset   of a normed space   is said to 
be weakly compact if   is compact in the weak topology. 
Proposition 1.2 (Uniqueness of weak limit) ( [4], Proposition 1.9.2) Let {  } 
be a sequence in a normed space   such that      and     . Then   
 . 
Proposition 1.3 (Norm convergence implies weak convergence)               
( [4], Proposition 1.9.3) Let {  } be a sequence in a normed space   such that 
    . Then     .  
The converse of the previous theorem is not true in general. 
Example 1.3 ( [4], Example 1.9.4) Let      and let {  } be a sequence in    
such that               ,               , 
              ,               , … . 
For any                   
    , we have             as    . 
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Hence      as    . However, {  } does not converge to zero with 
respect to norm topology because ‖   ‖    for all        
Therefore weak convergence does not imply norm convergence. However, 
weak convergence is equivalent to norm convergence (see Theorem 1.5 
below). 
Theorem 1.4 (Weak convergence in    space,      ) ( [4], 
Theorem1.9.5) For      ), let    (  
      
      
        
     ) 
        and                       . Then      if and only if the 
following statements hold. 
(i) {  } is bounded, that is there is     such that ‖   ‖    for all 
   . 
(ii) For each    ,   
       as    . 
Theorem 1.5 ( [4], Theorem 1.9.6) Let   be a finite dimensional normed 
space. Then norm convergence is equivalent to weak convergence. 
Theorem 1.6 ( [4], Theorem 1.9.7) Every reflexive normed space is weakly 
complete. 
Theorem 1.7 ( [4], Theorem 1.9.11) Let   be a Banach space and {  } a 
sequence in   such that     . Then there exists a sequence of convex 
combinations of {  } that converges to   with respect to the norm topology, 
i.e. there exists a sequence {  } such that    ∑     
 
   , where ∑     
 
    
and           , which converges to   with respect to the norm 
topology. 
Corollary 1.1 ( [4], Corollary 1.9.12) Let   be a nonempty subset of a Banach 
space   and {  } a sequence in   such that      in  . Then     ̅̅ ̅   . 
Every weakly closed set is also norm closed. The following theorem shows 
that the converse holds for convex sets. 
Proposition 1.4 ( [4], Proposition 1.9.13) Let   be a convex subset of a 
normed space  . Then   is weakly closed if and only if   is closed. 
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Proposition 1.5 ( [4], Proposition 1.9.14) Let   be a weakly compact subset 
of a Banach space  . Then   ̅̅ ̅    is also weakly compact. 
Proposition 1.6 ( [4], Proposition 1.9.15) Let   be a weakly compact subset 
of a Banach space  . Then   is bounded. 
Theorem 1.8 (Eberlein-Smulian theorem) ( [4], Theorem 1.9.16) Let   be a 
weakly closed subset of a Banach space  . Then the following statements are 
equivalent: 
(i)   is weakly compact, 
(ii)   is weakly sequentially compact. 
Proposition 1.7 ( [4], Proposition 1.9.18) Any closed convex subset of a 
weakly compact set is itself weakly compact. 
Theorem 1.9 (Kakutani’s theorem) ( [4], Theorem 1.9.19) Let   be a Banach 
space. Then   is reflexive if and only if the closed unit ball  ̅  is weakly 
compact. 
Theorem 1.10 ( [4], Theorem 1.9.20) Let   be a Banach space. Then   is 
reflexive if and only if every closed convex bounded subset of   is weakly 
compact.  
Theorem 1.11 ( [4], Theorem1.9.21) Let   be a subset of a reflexive Banach 
space  . Then   is weakly compact if and only if   is bounded. 
Theorem 1.12 (Smulian’s theorem) ( [4], Theorem 1.9.26) A Banach space 
  is reflexive if and only if every bounded descending net of nonempty closed 
convex subsets of   has a nonempty intersection.  
1.3 Geometry of Banach spaces 
1.3.1 Strictly convex Banach spaces 
 
Definition 1.12 A Banach space   is said to be strictly convex if        with 
   , imply that  
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‖         ‖    for all        . 
Examples 1.4 ( [4], Example 2.1.2) 
(i) Consider the space     , with    , equipped with the norm  
‖ ‖  (∑  
 
 
   
)
 
 ⁄
  
           where                 
 . We show that    is strictly convex. 
           Let        with    . Let               ,                and 
                       We have 
   ‖         ‖  ‖(                                      )‖ 
 (∑[           ]
 
 
   
)
 
 ⁄
                        
                               (      ∑  
         ∑    
 
   
   ∑  
 
 
   
 
   
)
 
 ⁄
   
                                     (      ∑  
         ∑|    |
 
   
   ∑  
 
 
   
 
   
)
 
 ⁄
      
 [      ∑  
         (∑|  |
 
   
)(∑|  |
 
   
)    ∑  
 
 
   
 
   
]
 
 ⁄
 
           by the Cauchy Schwarz inequality. We have a strictly inequality here    
           because    . Hence  
           ‖         ‖  (     
 ‖ ‖ 
 
        ‖ ‖ ‖ ‖   
 ‖ ‖ 
 
)
 
 ⁄
 
                                   
           for all          
           Therefore     endowed with the norm ‖ ‖  is strictly convex    
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(ii) Let    [   ], the space of real valued continuous functions on [   ] 
           endowed with the supremum norm. We show that  [   ] is not strictly  
           convex. 
           Consider the function    , where        for all   [   ] and       
             
   
   
  for all   [   ].   
           Clearly,      [   ] and ‖ ‖  ‖ ‖   . Choose   
 
 
. We have 
          ‖(  
 
 
)   
 
 
 ‖  
 
 
‖   ‖  
 
 
     [   ] |  
   
   
|   . 
           Therefore  [   ] is not strictly convex    
Theorem 1.13 ( [4], Proposition 2.1.6) Let   be a Banach space. Then the 
following statements are equivalent: 
(i)   is strictly convex, 
(ii) for every      , 
‖         ‖   ‖ ‖       ‖ ‖  for all      ,    , and 
       . 
Theorem 1.14 ( [4], Proposition 2.1.7) Let   be a strictly convex Banach 
space. If ‖   ‖  ‖ ‖  ‖ ‖ for       and    , then there exists     
such that     . 
Theorem 1.15 ( [4], Proposition 2.1.8) Let   be a strictly convex Banach 
space and   a nonempty convex subset of  . Then there is at most one point 
    such that ‖ ‖     {‖ ‖    }. 
Theorem 1.16 ( [4], Proposition 2.1.9) Let   be a nonempty closed convex 
subset of a reflexive strictly convex Banach space  . Then there exists a 
unique point     such that ‖ ‖     {‖ ‖    }. 
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1.3.2 Uniformly convex Banach spaces 
 
Definition 1.13 A uniformly convex Banach space   is a Banach space such 
that for every    , there exists     such that for any       with ‖ ‖    
and ‖ ‖   , the condition ‖   ‖    implies that ‖
   
 
‖     . 
Theorem 1.17 ( [16], Theorem 1.3) Let   be a uniformly convex Banach 
space. Then, for any         and arbitrary vectors      , with ‖ ‖  
  ‖ ‖    and ‖   ‖   , there exists a     such that  
‖
   
 
‖   (   (
 
 
)). 
Example 1.5 ( [4], Example 2.2.2) Every Hilbert space   is a uniformly 
convex space:  
From the parallelogram law, we have that  
‖   ‖    ‖ ‖  ‖ ‖   ‖   ‖  for all        
Let       with ‖ ‖   , ‖ ‖   , with     and ‖   ‖   . We have  
‖   ‖    ‖ ‖  ‖ ‖   ‖   ‖                . 
Then ‖   ‖   √  
 
 
 
  
Hence ‖
   
 
‖  √  
 
 
 
       , where        √  
 
 
 
    
Example 1.6 ( [4], Example2.2.3) The space    is not uniformly convex:  
Let            ,                and    . We have that         and 
 ‖ ‖  ‖         ‖   , ‖ ‖  ‖            ‖   , and 
 ‖   ‖  ‖         ‖       . 
Now, ‖
   
 
‖  ‖
        
 
‖   . Since we cannot find     such that ‖
   
 
‖  
   , we conclude that    is not uniformly convex    
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Theorem 1.18 ( [4], Theorem 2.2.4) Every uniformly convex Banach space is 
strictly convex. 
Theorem 1.19 (Milman-Pettis theorem) ( [4], Theorem 2.2.8) Every 
uniformly convex Banach space is reflexive. 
1.3.3 Normal structure 
 
Normal structure is a geometric property of Banach spaces which plays an 
important role in some problems of metric fixed point theory, especially for 
nonexpansive mappings. Before we define normal structure, we give the 
following definitions. 
Definition 1.14 (Diametral point) Let   be a nonempty bounded subset of a 
Banach space  . Then a point      is said to be a diametral point of   if  
   {‖    ‖    }         . 
Definition 1.15 (A nondiametral point) Let   be a nonempty bounded 
subset of a Banach space  . Then a point      is said to be a nondiametral 
point of   if  
   {‖    ‖    }         . 
Definition 1.16 (Normal structure) A nonempty convex subset   of a 
Banach space   is said to have normal structure if each convex bounded 
subset   of   with at least two points contains a nondiametral point, i.e. there 
exists      such that    {‖    ‖    }         . 
Example 1.7 ( [4], Example 3.3.7) Consider the space  [   ] of continuous 
real valued functions on the interval [   ] equipped with supremum norm. We 
show that  [   ]  does not have a normal structure. 
Let   {   [   ]                      [   ]}.  
Let        ,   [   ] and              . Clearly,               
and          for all  [   ] . It follows that    . Hence   is a nonempty 
convex bounded subset of  [   ] with  
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           {‖   ‖      }   .                                                     (1.7.1) 
 
We show that every point of   is a diametral point. 
For     , we have from (1.7.1) that 
   {‖    ‖    }           . 
Hence  [   ] does not have normal structure    
 
The following theorems give examples of Banach spaces which have normal 
structure. 
Theorem 1.20 ( [4], Theorem 3.3.1) Every compact subset   of a Banach 
space   has normal structure. 
Theorem 1.21 ( [4], Corollary 3.3.2) Every finite dimensional Banach space 
has normal structure. 
Theorem 1.22 ( [4], Theorem 3.3.3) Every closed convex bounded subset   
of a uniformly convex Banach space   has normal structure. 
Theorem 1.23 ( [4], Theorem 3.3.4) Every uniformly convex Banach space 
has normal structure. 
Definition 1.17 (Chebychev radius and Chebychev centre) For a non- 
empty and bounded subset   of a Banach space  , we define 
            ‖   ‖, 
        {         }, 
     {              }, 
         {         }. 
     is called the Chebychev radius of   and      is called the Chebychev 
centre of  . 
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The next theorem gives a necessary condition for the Chebychev centre to be 
nonempty. 
Theorem 1.24 ( [4], Proposition 3.3.14) Let   be a weakly compact convex 
subset of a Banach space  . Then      is a nonempty closed convex subset 
of  . 
Theorem 1.25 ( [4], Proposition 3.3.15) Let   be a Banach space and   a 
weakly compact convex subset of   with          . Suppose that   has 
normal structure. Then     (    )         . 
1.3.4 Inwardness and boundary conditions 
 
Definition 1.18 (Inward set) Let   be a topological vector space and let   be 
a subset of  . The inward set       of   relative to   is defined as follows: 
      {                }. 
The set       is geometrically interpreted as the union of all rays beginning 
from the point    and passing through all points of  . 
Definition 1.19 (Inward mapping) Let   be a topological vector space and let 
  be a subset of    A mapping         is said to be inward if           
for each    . 
Definition 1.20 (Weakly inward mapping) Let   be a topological vector 
space and let   be a subset of  . A mapping         is said to be 
weakly inward if          ̅̅ ̅̅ ̅̅ ̅ for each    . 
Definition 1.21 (Metrically inward mapping) We say that a mapping 
        is metrically inward if for each    , there exists an element   
of  , such that                       . 
The following results characterize inward mappings. 
Theorem 1.26 ( [20], Theorem 1.2) Let   be a convex subset of a normed 
linear space   and let       . Then for each     ,  
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               if and only if     is weakly inward. 
Corollary 1.2 ( [21], Corollary 1.4) Let   be a convex subset of a normed 
linear space   and let       be a mapping. Then   is weakly inward if and 
only if         
   (            )    for all    . 
Proposition 1.8 ( [21], Proposition 1.5) If   is a normed linear space with 
   , and if       is a mapping which has the property that     is 
weakly inward, then       { 
            }     for all    . 
Proposition 1.9 ( [21], Proposition 1.6) If   is a normed linear space with 
   , and if       is a mapping which satisfies  
        
              , then     is weakly inward. 
Definition 1.22 (Leray-Schauder boundary condition (L-S)) Let   be a 
bounded closed convex subset of Banach space   with        and 
suppose that   has a fixed point property with respsect to nonexpansive self-
mappings. Let       be a nonexpansive mapping satisfying 
   {‖    ‖          }   . 
Such mapping is said to satisfy the Leray-Schauder boundary condition (L-S) 
on    if there exists   in the interior of   such that             for 
     and    . 
1.3.5 Smoothness 
 
Definition 1.23 (Smooth Banach space) A Banach space   is smooth if for 
each     , there exists a unique functional     
  such that 〈    〉  ‖ ‖ 
and ‖  ‖   . 
Example 1.8 
(i)    is a smooth Banach space. 
(ii)    is not a smooth Banach space. 
The next theorem gives a relation between smoothness and strict convexity. 
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Theorem 1.27( [4], Theorem 2.6.5) Let   be a reflexive Banach space. Then 
we have the following statements: 
(i)   is smooth if and only if    is strictly convex. 
(ii)   is strictly convex if and only if    is smooth. 
Definition 1.24 (Duality mapping) Let    be the dual of a Banach space  . A 
multivalued mapping       
 
 is said to be a (normalized) duality mapping if 
   {     〈   〉  ‖ ‖  ‖ ‖ }. 
Example 1.9 ( [4], Example 2.4.2) Let   be a Hilbert space and       
 
be 
the duality mapping. Then    { } for all    : 
Consider     { }. Since 〈   〉  ‖ ‖  and     , it follows that     . 
Let     . We show that    . We have from the definition of   that 〈   〉  
‖ ‖  ‖ ‖  ‖ ‖‖ ‖. Hence ‖ ‖  ‖ ‖.   
Since ‖   ‖  ‖ ‖  ‖ ‖   〈   〉, we get that ‖   ‖  ‖ ‖  ‖ ‖  
‖ ‖   . This implies that    . Therefore    { }.    
Theorem 1.28 ( [4], Theorem 2.4.5) Let   be a Banach space and let 
      
 
 be the duality mapping. Then we have the following statements: 
(i) If    is strictly convex, then   is single valued. 
(ii) If   is strictly convex, then   is one to one. 
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  CHAPTER II BANACH CONTRACTION PRINCIPLE AND     
EDELSTEIN’S THEOREM 
 
2.1 Introduction 
 
To start thinking about fixed point theory, it is worth to start with the Banach 
Contraction Principle (See Theorem 2.1 below), because it is considered as 
the starting point of fixed point theory and it has also become a classical tool 
in nonlinear analysis. 
The Banach Contraction Principle states that every contraction self-mapping 
on a complete metric space has a unique fixed point [1]. Due to its importance 
in pure and applied mathematics, this principle has many generalizations (see 
[21], [20] , [22], [23], [24], [25], [26], [27] , [28], [29], [15], [30], [31], [32] , [33], 
[34], [35], [36] and others). In this section we will state it and give its proof in 
its general as well as in its local version. We will also state and prove some of 
its extensions and its converses with their generalizations (see [37], [38] and 
[39]). The first converse of the Banach Contraction Principle, due to C. 
Bessaga [40], will be stated and discussed. 
We will also answer the question whether there is a result on another kind of 
metric space which has a fixed point for a contractive mapping. The answer is 
due to Edelstein for compact metric spaces [41]. 
In 2008, Suzuki, defined another kind of mapping and gave a generalization to 
the Banach Contraction Principle in which the completeness is also 
characterized by the existence of a fixed point of these mappings [42]. 
Motivated by his result (see [42]), Suzuki generalized Edelstein’s theorem [41] 
in a paper published in 2009 (see [43]). In 2013, Popescu generalized the 
Banach-Suzuki and Edelstein-Suzuki theorems [44]. 
In this chapter, we will state and prove the above mentioned results in detail. 
One open problem will also be derived. 
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2.2 The Banach Contraction Principle 
 
Theorem 2.1 (Banach Contraction Principle) ( [5], Theorem 1.1) Let       
be a complete metric space and let   be a contraction on  , i.e. there exists 
  [     such that                  for all      . Then   has a unique 
fixed point    . Furthermore, for any    , we have 
       
     and          
  
   
       . 
Proof. For the uniqueness of the fixed point, let       be such that      
and     . Then     are fixed points of   and   
                                               . 
Therefore, since    ,         ,  and hence    . 
 
We now show the existence of the fixed point. 
Let    . For every     { }, we have           
                                               . 
If   , then                                         
                                            
                                             
                                           [               ] 
                           [        ]   
                    
  
   
                                     
Let    . Without loss of generality, assume that          . 
Since      , we can find     such that 
  
   
 
 
       
 for all      
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Hence              for all       with    . 
Therefore {   } is a Cauchy sequence and, since   is complete, there is a 
point     such that        
    . In addition, since   is Lipschitz 
continuous, it follows that   is continuous and          
     
         
      . There-fore   is a fixed point of  . 
 
If   , then            
  
   
        implies that 
         
  
   
           
Example 2.1 (Application of the Banach Contraction Principle) ( [15] 
Exercise 3.11) Consider the Volterra integral equation  
      ∫       
 
 
           , 
where     and        is continuous on [   ]  [   ]. Consider the metric 
space  [   ] of continuous real valued functions defined on [   ] and 
consider the mapping  
   [   ]   [   ]            ∫       
 
 
           . 
For        [   ], it can be shown by induction that  
        
     | |
   
      
  
        , where 
     {|      |       [   ]  [   ]}. We show that the above equation 
has a unique solution     . 
We know that  [   ] is a complete metric space with metric 
             {|           |   [   ]}, for        [   ].  
Since we can find     such that | |   
      
  
       for all    , it follows 
that     is a contraction mapping for all    . Therefore, for all    ,    has 
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a unique fixed point, say   . Therefore  
       for all    . Hence 
              for all    .  
Now           
        . Hence  
           for all    . By the 
uniqueness of the fixed point for   , we have that       . It follows that 
        
        
      , and so         for all    , i.e. all  
 , 
with    , have the same fixed point, say     [   ] with        . 
Observe that                           | |   
      
  
            
for all    . Letting     and by recalling that   | |   
      
  
  , it 
follows that             and hence       . Therefore the Volterra integral 
equation  
      ∫      
 
 
            
has a unique solution in  [   ]    
2.3 Local version of the Banach Contraction Principle 
 
Theorem 2.2 ( [5], Theorem 1.3) Let       be a complete metric space and 
let 
        {             }, 
where      and    . 
Suppose that             is a contraction (that is,                  for 
all              with      ) such that                  . Then   has 
a unique fixed point in        . 
Proof. We can find    with        and                  .  
We want to show that  (  ̅       )    ̅       . 
If     ̅       , then we have 
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Therefore      ̅       . 
Since   ̅        is closed in       and       is complete, it follows that 
  ̅        is also complete. Applying Theorem 2.1, we get that   has a unique 
fixed point in   ̅                   
2.4 Some extensions of the Banach Contraction Theorem 
 
We describe some extensions to a class of functions called local contractions. 
In this section, we show that some functions which are not contractions on 
      can become contractions with suitable new metrics  ̅ which are 
topologically equivalent to  , i.e. metrics  ̅ for which  ̅         if and only if 
         . The aim is to determine classes of functions   for which such 
remetrizations are possible, i.e. we want that (   ̅) be complete whenever 
      is complete, such that the Banach Contraction Theorem will be appli- 
cable after the remetrization. Before we proceed, we give some definitions. 
Definition 2.1 (Local contraction (l.c)) A function       is a local 
contraction if there are real valued functions      and     , with        and 
        , such that whenever     are in the ball 
 (      )  {             },  
it follows that                    . 
Definition 2.2 (Uniform local contraction (u.l.c.)) In Definition 2.1, when 
    (respectively     ) is a constant, we have a  -(respectively  -) uniform 
local contraction(u.l.c.). When both are constant, we have a    -u.l.c. 
Definition 2.3 (A chain    ) A chain     is a finite set of points [  
            ], and its length is  
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 (   )  ∑          
 
   
  
and its mesh is  
   
 
            
We denote the collection of all chains beginning at   and ending at   by ∑  , 
while the subcollection of  ∑   consisting of those chains of mesh    is 
denoted by ∑   . 
Definition 2.4 ( -chainable metric space) A metric space       is  -
chainable if ∑    is nonempty for every      . 
Theorem 2.3 ( [45], Theorem 1) Let   be a    -u.l.c. on the  - chainable 
metric space      . There exists a metric  ̅ topologically equivalent to   
under which   is a contraction. Also (   ̅) is complete whenever       is. 
Proof. Let  ̅         { (   )     ∑   }.  
Since       is a  - chainable metric space, it follows that  ̅      is well 
defined for all      . 
We show that  ̅ is a metric on  . 
We start by showing that  ̅        for all       and  ̅        if and only 
if    . 
Observe that  (   )  ∑              
 
    since              for all 
  {       }. Furthermore, if  ̅       , then, for every    , there exists 
   
    ∑    such that  
 (   
   )  
 
 
. Then we get that         (   
   )  
 
 
 for all    . There- 
fore          and hence    . 
 
We show that  ̅       ̅      for all      . 
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Since  ̅         { (   )     ∑   }     { (   )     ∑   }   ̅     , it  
follows that  ̅       ̅      for all      . 
 
We show the triangle inequality, i.e.  ̅       ̅       ̅      for all       
 . 
For all         and any    , we get from the definition of  ̅ that we can 
choose     and     for which  
 (   )   ̅        and  (   )   ̅       . 
Following      by    , we get a     chain for which         (   )   (   ) 
and hence  ̅       (   )   (   )   ̅       ̅         for all         
and any    . Therefore  ̅       ̅       ̅      for all         and  ̅ is a 
metric on  . 
Observe that  ̅              (   ) if         , because the chain 
[   ]  ∑    if         . If {  } is Cauchy in      , then for every     with 
     , there exists     such that  ̅                     for all 
     . 
It follows that       and (   ̅) have the same Cauchy sequences, so that if 
      is complete, so is (   ̅).  
Furthermore,       is equivalent to (   ̅): By using a similar argument to the 
previous paragraph, then for a given sequence {  }  in   and    , 
          if and only if  ̅        . 
 
We show that       is a contraction on (   ̅). 
To every chain [              ]  ∑  , we can associate the chain 
 (   )  [                   ]  ∑    . Suppose that         . 
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Since       and   is a    -u.l.c., we have                   . 
Hence     ∑    implies that  (   )  ∑                                             (2.3.1)                                                                                                    
For any       and any    , we can choose     ∑    such that  (   )  
 ̅       . 
Since   is a    -u.l.c. on a  -chainable metric space, it follows from (2.3.1) 
that  
 ̅         ( (   ))    (   )    ̅         for any       and any 
   . Hence   is a contraction on (   ̅), since   is arbitrary    
Example 2.2 ( [45], Example 1) Consider the circular arc described in the 
complex plane by 
  ,        
  
 
- and let   be the Euclidean metric. If   is the map 
           
  
 , then   is not a contraction because |  
   
    |  
| 
   
    |  | 
   
   
 
 |   
 
We show that   is a u.l.c.. Since               , we get that 
  (           )  | 
   
   
   
 |  |(   
  
 
    
  
 
)   (   
  
 
    
  
 
)| 
 √(   
  
 
    
  
 
)
 
 (   
  
 
    
  
 
)
 
                
   √     (
     
 
)                                                               
   |   (
     
 
)|                                                               
Similarly, we can show that  (         )   |   (
     
 
)|. 
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Let           such that  ( 
        )   , i.e.  |   (
     
 
)|   . Therefore, if   
is sufficiently small, then  |   (
     
 
)|  |     |. Thus 
 (           )
 (         )
 
|
     
 
|
|     |
 
 
 
. 
Hence, for sufficiently small    , we can find a sufficiently small     such 
that   
 
 
     and  (           )  (
 
 
  ) (         ). Since   can be 
made arbitrary small, we can take   
 
 
. 
Therefore   is a u.l.c. mapping. Thus by Theorem 2.3,       admits a remetr- 
ization which makes   a contraction.    
Corollary 2.1 ( [45], Corollary 1.1) If   is a local contraction on a compact 
metric space      , then   is a u.l.c. on      , and so Theorem 2.3 applies 
if       is  - chainable for every    . 
Proof. Let   be a local contraction on a compact metric space       with 
associated functions      and     . The collection of open balls  
{  (      )    } 
is a base of the  -metric topology on   and hence covers  . Since   is 
compact, there is a finite subcover for  , say, 
{  (        )      }. 
Let  
     
     
       
For every    , let  
         
     
{                 
 (        )}  
If       (    
    ), then       (        ) for some   {       }. Thus we 
get that  
                            .  
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Therefore   is a  -u.l.c. on       using      . Since       is a continuous 
positive real-valued function on the compact space      , it assumes a 
positive minimum on  , say,   . Therefore   is a     -u.l.c. on          
Theorem 2.4 ( [45], Theorem 2) Let   be a  -u.l.c. on the  - chainable metric 
space       having a fixed point  . Then for each    , the sequence of 
iterates         with ultimately geometric convergence, i.e.          
           (        ) for all       . 
Proof. Let   be a fixed point of  , which is a  -u.l.c. on the  - chainable metric 
space       with associated function     . We first show that for any    , 
we can find a positive integer      such that              . 
Let     and choose     ∑    with mesh    . 
Let [              ] denote    . We can choose a   large enough such 
that if       , then 
    
     
 
  
Since          , we have by definition of a local contraction and the fact 
that   is a fixed point of  , that 
 (       )    ( 
       )   
  (        )     
          
   
     
 
. 
Similarly,  (       )  
     
 
   for all    , which implies that            .  
By definition of a local contraction and the facts that             , as well as 
the fact that   is a fixed point of   , we get  
 (        )   ( ( 
 )     )       ( 
     )  
which implies that  
 (       )   
  (      )   
   
     
 
    
Similarly,             . By induction, we get  
               .  
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Take            . Therefore, if        and           , then we get  
                           
and hence             . Since   is a local contraction, we get by induction 
that 
                    (        ) for all           
Theorem 2.5 ( [45], Theorem 3) Let   be a  -u.l.c. on the  - chainable metric 
space       having a fixed point  . There is a metric  ̅ topologically 
equivalent to   and complete if   is, such that   is a contraction on (   ̅). 
Proof. Let             { (   )     ∑   }. From the proof of Theorem 2.3, 
it follows that the metric    is topologically equivalent to the metric  . In 
addition,                if          and, in particular, this holds for all 
     (  
 
 
), by the triangle inequality. Since   is local  -u.l.c., we have from 
the definition of    that  (∑   )  ∑     , and hence   is nonexpansive, i.e. 
                  .                                                                               (2.5.1)                  
If      (  
 
 
), then 
                                                                         (2.5.2) 
Let     (  
 
 
) and let     
      ,     
        
          
    
    (    )   
      ,…. Then  (    )     for            , and from 
the proof of Theorem 2.4, for any    , we can find a positive integer      
such that              . Therefore   
 
 
   
  . 
For all    , let         {      }. Since   
 
 
   
  , we get that      is well 
defined. 
Let           {         } and let       .  
Let          
              .                                                                   (2.5.3) 
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Since          and      , it follows that 
                                                                                                     (2.5.4) 
 
We show that                    for all      . 
From (2.5.2) and (2.5.3), we get  
           
                   
                                            
                                          
                                       
                               for all       ,  
(by (2.5.3)). 
 
We now show that               if       , and                    
if either   or          
Since  (  )       for          , it follows that      (     )         . 
Hence, if       , then          {       }         . 
Since             {           }, we consider two cases. 
Case 1: If  ,       , then 
            {           }     {             }          . 
Case 2: If      and       , then 
            {           }     {             }          . 
Hence  
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                                        (by (2.5.1)) 
                                       
                               
if either   or         
Therefore 
                   for all      .                                                       (2.5.5) 
Let us associate to each chain     [              ], the length  
  (   )  ∑           
 
   
  
Let  ̅         {  (   )     ∑  }. 
We show that  ̅ is a metric on  . From (2.5.4), we observe that  ̅      
                 . Using a similar argument to Theorem 2.3, we get that 
 ̅        if and only if    . 
 
Observe also that, since        , it follows that  ̅       ̅      for all 
     . 
 
For all         and any    , by definition of  ̅, we can choose     and     
for which  
  (   )   ̅        and   (   )   ̅       . 
Following      by    , we get a     for which           (   )    (   ) and 
hence  ̅        (   )    (   )   ̅       ̅         for all         
and any    . Therefore  ̅       ̅       ̅      for all        .  
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Hence  ̅ is a metric on  . 
For each        , we have  (   )  ∑    . Hence, we get from (2.5.5) that 
  ( (   ))     (   ). 
Therefore  ̅          ̅      and hence   is a contraction on (   ̅) with 
          . 
 
We show that  ̅ and   are topologically equivalent. Since  ̅             for 
all      (  
 
 
)    , we have that  ̅|    |  .  
We show that if {  }   , then  ̅         if and only if           for 
      . 
Since we have  ̅                             for all         , it 
follows that  
 ̅         implies that          .  
 
We prove the converse of the assertion. 
Let     ,         
 
 
-. Since          , it follows that 
         ,         
  
 
-. Otherwise, if    (  
 
 
), we have  
     ,               
  ,…,          
        and the continuity of 
        implies that there exists a ball    (      ), centered at   with 
radius     , and a ball 
               (         (       ))  
such that            and  
                 .  
If    , then         {      }        . 
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 If           {      }, then                and hence (2.5.3) implies that  
          
                
                  
               . 
Since  ̅               
               , it follows that    ̅        
        and therefore           implies that  ̅        . Therefore   and 
 ̅ are topologically equivalent    
 
The next theorem gives a local converse to the Banach Contraction Principle, 
Theorem 2.1. 
Theorem 2.6 ( [45], Theorem 4) Let   be a local contraction on a complete 
metric space       possessing a fixed point  , and suppose that for each 
   , the sequence of iterates      . Then there is a complete metric  ̅ 
topologically equivalent to   such that   is a contraction on (   ̅). 
Proof. Let     (  
    
 
) and let     
           
        
          
    
    (    )   
         , for            . .For all    , let          
{      } and let           {         }. 
To construct the metric  ̅, we first define a metric  ̂ on   by  ̂      
   {              }.  
Hence,  ̂ is is finite since                   for all      . Therefore  ̂ is 
well defined.  
We show that  ̂ is a metric on  . We have  ̂               and hence 
 ̂        if and only if    . Furthermore,  ̂         {             
 }     {              }   ̂      for all      . 
Since                                  for all    , it follows that  
   {              }     {                         }  
                                    {              }     {              }  
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Hence,  ̂       ̂       ̂      for all        . 
 
By using exactly a similar argument as in Theorem 2.5, we get that   and  ̂ 
are topologically equivalent. 
 
Let  ̃                  ̂      and let  ̅         { ̃ (   )     ∑  }, where 
    [              ] and  ̃ (   )  ∑  ̃         
 
   . 
By using exactly the same arguments as in Theorem 2.5, we get that (   ̅) is 
a metric space. Furthermore, from similar arguments to Theorem 2.5,   is a 
contraction on   and  ,  ̅ are equivalent metrics on      
2.5 The Converse to the Banach Contraction Principle 
 
There are several versions of of the converse of the Banach Contraction 
Principle. The first result of this type is due to Bessaga [40]. For its short 
proof, see [46]. Here we will state and prove a converse of the Banach 
Contraction Principle relating the results of the previous section and giving its 
generalizations (see [37], [38] and [39]). For other results of this type, see   
[47], [48], [49], [50], [51] and others. 
The next result shows that we can get a converse to the Banach Contraction 
Principle from Theorem 2.5. 
Corollary 2.2 Let   be a  -u.l.c. on the  - chainable metric space      . Then 
  has a unique fixed point   if and only if there is a metric  ̅ topologically 
equivalent to   which is complete if   is, such that   is a contraction on (   ̅). 
Theorem 2.7 ( [38], Theorem 1) Let       be a continuous map on a 
metrizable topological space   generated by a metric   such that  
(i) there exists     such that     , 
(ii)       as     for all    , and  
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(iii) there exists an open neighbourhood   of    such that       { }, 
i.e. for every open neighbourhood   of  , there exists        such 
that         for all       . 
Then, for each        , there exists a metric    on  , complete if   admits a 
complete metric, such that   is a   -contraction with contraction constant  . 
Proof. Let            {    
           }, where    is a metric on   
equivalent to  . Observe that 
                  for all        
             {    
               } 
                          {    
           } 
                          {    
           } 
                                
We show that    is a metric on  . Observe that  
           {    
           }    and            {    
          
 }    if and only if     
          for all     . Since    is a metric on  , it 
follows that           (taking    ) and thus           if and only if 
   . Furthermore, 
           {    
           }     {    
           }          for 
all      . 
 
Since     
            
            
        for all    , we get that  
   {    
           }     {    
            
           } 
                                                   {    
           }     {    
           }  
for all     and        .  
Therefore,                         for all        . We conclude that 
       is a metric space. 
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We show that    and    are topologically equivalent. Since         
        for all      , it follows that for a sequence {  } in  ,            
implies that           . Therefore, a   -convergent sequence is also a   - 
convergent sequence. Furthermore, a   -Cauchy sequence is also a   -
Cauchy sequence. 
 
We prove that a   - convergent sequence is a   -convergent sequence. 
Let    . It follows from (iii), by taking    (  
 
 
), that we can find     
such that          [ 
    ]     for    . 
From (ii), we get for each     that         {         } is finite. 
Since   is continuous, we can find     such that           implies that  
         and   ( 
      )    for           .                            (2.7.1) 
Using this and (2.7.1), we get that 
                   for all     and    , so that  
  ( 
                    )    for all    .                                            (2.7.2) 
Replacing          by   in (2.7.2), we get 
  ( 
      )    for all         .                                                       (2.7.3) 
We get from (2.7.1) and (2.7.3) that  
          implies that            {    
           }   . 
Hence, for a sequence {  } in  ,            implies that           . 
Therefore, a   -convergent sequence is also a   - convergent sequence. 
Furthermore, a   - Cauchy sequence is also a   -Cauchy sequence. 
We conclude that    and    are topologically equivalent and    is complete if 
and only if    is complete on  . 
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We now construct a metric    such that   is a    contraction with respect to  . 
Let    be the closure of  
     for    , and        
      , so that (iii) 
implies that 
   { } as    .                                                                                   (2.7.4) 
For      { }, let         {      }   . Then, from (2.7.4), we get that 
     is finite and hence      exists. 
Let       , and for       , set          {   
     }   , which 
exists by (ii). 
Let          
             , where           {         }.                (2.7.5) 
Since           {          }   , it follows that             . 
Therefore, since    , we get  
           
                                         
                        
                              
Therefore                    for all      .                                      (2.7.6) 
 
Let ∑   denote the set of chains     [              ] from   to  , with 
associated lengths 
  (   )  ∑            
 
                                                                            (2.7.7) 
Let            {  (   )     ∑  }                                                        (2.7.8) 
We want to show that    is the desired metric.  
For each     ∑  , we have  (   )  ∑    . Hence we get from (2.7.6) that 
   ( (   ))     (   ), and thus                   . 
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Therefore   is a   -contraction.  
We show that    is a metric on  . Clearly,           for all      . 
 
Observe also that, since         , it follows that                 for all     
  . 
For all         and any    , by definition of   , we can choose     and     
for which  
  (   )            and   (   )           . 
Following      by    , we get a     for which           (   )    (   ) and 
hence           (   )    (   )                     for all         
and any    . Therefore                         for all        . 
Therefore    is a metric on  . 
 
We show finally that    and    are equivalent.  We get from (2.7.5) and 
(2.7.7) that 
         
       {          (         )}   , and hence, using (2.7.8), we 
obtain 
                              
             for all      .                            
If             , then    
                       . 
Therefore           . 
If           , then             
               . 
Hence           . 
Therefore            if and only if           . 
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We show that            if and only if           . 
If    , observe that for                   (      ), we have  
                        for all    .   
In addition, for any    , we can get from (iii) an        such that  
        
 
 
 for all        . Then           implies that   (       )  
 
 
 
and thus that 
          (       )   
     
 
     
Hence            if an only if           . 
 
We show that   -completeness is preserved. 
Assume that {  } is   -Cauchy sequence and that        is complete. 
Assume that {  } does not converge to   with respect to    . Since    and    
are equivalent, then for some integer  , and all sufficiently large  , we have 
       . Let       {
       
 
   {  }}  
Let us choose   {  }       {   } such that      { }  implies that 
           {
       
 
   {  }}  
 
 
. 
Since {  } is   - Cauchy sequence, there is an     such that 
  (       )  
 
 
 for all    , and using the fact  that          
     
        for all      , with       , we get  
     (       )    (       ). 
Therefore {  } is a   -Cauchy sequence    
Corollary 2.3 ( [38], Corollary 1.1) If   has a compact neighbourhood, then 
the conditions that  
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(i) there exists     such that     , 
(ii)       as     for all     
are sufficient conditions in Theorem 2.7. (i.e. condition (iii) in Theorem 2.7 can 
be omitted). 
Proof. Suppose that   has a compact neighbourhood   and let          be 
an open neighbourhood of  . Let   be any open neighbourhood of  . By (ii), 
for each    , we can find      such that       for all       . 
We show by contradiction that         {        } is finite. If      is not 
finite, then   contains a sequence {  } such that         for all     and 
since   is compact, we may assume that      for some    . By the 
continuity of  ,       
     for all       . Therefore             for 
all   in some neighbourhood of  . Hence                for all    . 
Thus      cannot be infinite. Now if we take   in Theorem 2.7 to be       , 
then         for all           
Corollary 2.4 ( [38], Corollary 1.2) If   is compact, and if { } is the only 
nonempty set   such that       . Then the conclusions of Theorem 2.7 are 
valid. 
Proof. Let                  
           
    ,… . Therefore, since 
  is continuous and   is compact,    is compact for each   {       }. 
Since       , then if   { }, we have       , and hence            
      is a descending sequence of compact nonempty subsets of  . Since   
is compact, 
   ⋂     
 
     
We show that        and hereby conclude that   { }. Observe that 
     ⋂   
 
     ⋂   
 
       ⋂   
 
     . 
To show that       , let     and consider the sequence of nonempty 
compact sets    { 
   }    . 
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Since ⋂    
 
   { 
   }     , by compactness of  , it follows that   
    . Therefore       , implying that   { }, i.e. conditions (i) and (ii) of 
Corollary 2.3 are satisfied. Therefore, by Corollary 2.3, the conclusions of 
Theorem 2.7 are valid    
Theorem 2.8 ( [38], Theorem 2) If some iterate    of a continuous mapping   
satisfies the conditions that 
(i) there exists     such that     , 
(ii)     { } as    for all    , and 
(iii) there exists an open neighbourhood   of    such that       { }, 
then there is a metric  , complete if   admits a complete metric, such that   
and all its iterates are similitaneously  -contractions. 
Proof. By Theorem 2.7, there is a metric   and a         such that   is a  - 
contraction with contraction constant  . Thus, any iterate    is a contraction 
with  -contraction constant        . 
Since      , it follows that                    for all    . 
Applying condition (ii) to   , with     , we get                     
as      and hence     , i.e. (i)  holds for  . 
For any     and      , we have                     as    . 
Therefore (ii) holds for  . 
For each  , let    be an open neighbourhood of   such that  
       { }. 
Then, since   is continuous,   ⋂        
   
    is an open neighbourhood of 
  such that, for      ,               (     )          { } as 
   . Thus (iii) holds for     
Therefore, by Theorem 2.7, there is a metric  , complete if   admits a comp-
lete metric, such that   and all its iterates are simultaneously  -contractions.  
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The next theorem, due to Jungck generalizes and gives a converse to the 
Banach Contraction Principle and is stronger than Theorem 2.7, because the 
metric with respect to which   is a contraction does not depend on the choice 
of        .  
Theorem 2.9 ( [39], Theorem) Let   be a continuous mapping of a complete 
metric space       into itself. Then   has a fixed point in   if and only if there 
exists         and a mapping       which commutes with   satisfying 
(i)           and                    for all      . 
Indeed,   and   have unique common fixed points if (i) holds. 
Proof. We first prove that if   has a fixed point, then (i) holds. 
Suppose that      for some     and define        by      for all 
   . Then         and           , so that             for all 
   , and hence   commutes with  . Also         for all     and 
hence          . 
Observe that for every        , we have for all       that  
                             
Hence (i) holds. 
 
We now prove that if (i) holds, then   has a fixed point. 
Suppose that there is a mapping       which commutes with   for which 
(i) holds. 
Let      and let    be such that 
         , where    ,                                                                     (2.9.1)                                 
and such a sequence {  } can be found because          . 
From (i) and (2.9.1), we get 
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                           for all    . Therefore, since       is comp- 
lete,       for some    . 
Since      , it follows from (i) that      .     
Since   is continuous, (i) implies that   is continuous. Hence           
and           .  
Since   and   commute, we have that               for all    . Thus 
     . 
By commutativity, we get that                  . 
Now, 
 (        )    (        )    (        ) 
implies that       (        )    and hence  (        )   , because 
       . Thus         . Therefore                and    is a 
common fixed point of   and  . 
 
We show that the common fixed point of   and   is unique. 
Suppose that         and        . By (i), we get that        
                          . Thus               and         , 
because    . Therefore        
Remark 2.1 If we take     (identity function), we obtain the Banach 
Contraction Principle as a consequence of Theorem 2.9. 
The next theorem, due to Babu, uses Theorem 2.7 to derive a converse to 
Theorem 2.9, and this converse generalizes Theorem 2.7 to metrizable topo- 
logical spaces. 
Theorem 2.10 ( [37], Theorem) Let   be a metrizable topological space 
whose topology is generated by a metric   . Let   be a homeomorphism of   
onto itself and   a continuous self-map of   which commutes with  . Then, for 
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each        , there exists a metric   , topologically equivalent to   , and 
complete if    is complete, such that  
                     for all      , 
if and only if  
(i) there exists a point     such that          
(ii)          for all      and 
(iii) there exists a neighbourhood   of   such that          { }, 
which means that for given a neighbourhood   of  , there exists 
       such for all                             . 
Proof. Suppose that                      for all      . We show that 
(i), (ii) and (iii) are satisfied.  
If such a metric    exists, then since             and           
           for all      , then by Theorem 2.9, we can we get that   and   
have a unique fixed point  . 
Let        . Since   is surjective, there exist       such that        and 
     . Since   and   commute, if follows that   ( 
                )  
          , and hence  
    is a Banach contraction. Observe that        .  
Hence   is the unique fixed point of     , and by the Banach Contraction 
Principle, we have for all     that 
        
          and      
           
  
   
      
      . Therefore (ii) 
and (iii) follow. 
 
Suppose that (i), (ii) and (iii) are satisfied. We want to show that           
           for all      . 
Applying Theorem 2.7 to the mapping     , we get that for each        , 
there exists a metric     topologically equivalent to   , and complete if    is, 
such that  
  ( 
              )           for all      . 
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Let         and        . Since     and   commute, it follows that  
                        .                                                                    (2.10.1) 
Since   is a homeomorphism, because   is bijective, it follows from (2.10.1) 
that  
                     for all          
Remark 2.2 Since in the Banach contraction principle, Lipschitzian mappings 
are considered, one may ask if it is possible to weaken the contraction 
assumption to still obtain the existence of fixed points. In general, the answer 
is no, as the next example confirms. 
Example 2.3 ( [15], example pp. 6-7) As an example, consider the space of 
all continuous functions on the closed interval  [   ] equipped with the metric 
            [   ]|         |, where      [   ]. We know that  [   ] is 
complete with respect to the metric 
             [   ]|         |, where      [   ]. 
If   {   [   ]       }, then   is a closed subspace of  [   ] and 
hence it is also complete. 
Define                    , for all   [   ]. If      , then  
|     |   [   ], and by the Extreme Value Theorem, |     | attains its 
maximum value at some point    [   ]. Therefore, since     , 
               [   ]|           |    |           |         
If     with      , we must have             for some    [   ]. Since 
           , this implies that      . Thus, if       and    , then 
               . 
If    , then obviously,            and          and so          
        .  
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If       for some    , then for each   [   ],           . Hence 
       for all   [    . On the other hand, if       , then   cannot be 
continuous, i.e.    [   ]. Therefore   has no fixed point in     
As a conclusion, the Banach Contraction Principle does not extend to the 
more class of mappings called contractive mappings. 
2.6 Edelstein’s Theorem  
 
Definition 2.5 (Contractive mapping) A mapping       is said to be 
contractive if                 for each       with    . 
Someone may ask whether or not there are results on other metric spaces 
which have a fixed point on contractive mappings. The answer is the next 
theorem due to Edelstein. 
Theorem 2.11 ( [52], Theorem 2.6) Let       be a compact metric space and 
let       be a contractive mapping. Then   has a unique fixed point   , 
and moreover, for each            
     . 
Proof. Define the map                      . 
We first show the existence of the fixed point of  . 
As   is continuous and       is compact,   attains its minimum value, say, at 
    . If       , then  
                                    . This contradicts the fact that    
attains its minimum at   . Hence       , i.e.    is a fixed point of  . 
 
Now we show the uniqueness of the fixed point   . 
Let     be another fixed point of   such that     . Since   is a contractive 
map, it follows that                          . This is a contradiction. 
Therefore the fixed point is unique. 
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We now show that        
     . 
Suppose that {   } does not converge to   . Then there exists an     such 
that for every    , we can find     such that            . Then we can 
find a subsequence {    } such that              for every    . By the 
compactness of      , we can find a subsequence of {    } that converges 
to   . This is a contradiction, and therefore        
          
2.7 Generalization of the Banach Contraction Principle by Suzuki 
 
The next example shows that we can find an incomplete metric space   on 
which every contraction has a fixed point, thus Theorem 2.1 cannot character- 
ize the metric completeness of  . However, Theorem 2.12, due to Suzuki, is a 
simple generalization of the Banach Contraction Principle and characterizes 
the metric completeness, as will be shown in Theorem 2.13.  
Definition 2.6 (Banach Fixed Point Property) A metric space       
possesses the Banach Fixed Point Property (BFPP) if every contraction 
      has a fixed point. 
Example 2.4 ( [53], Theorem 1.2) Let        (   
 
 
     ]). Observe that   
is not closed in    and posseses the Banach Fixed Point Property (BFPP). 
Proof. Since   is not closed in   , it follows that it is not complete. Let 
      be a contraction with Lipschitz constant    . For       ], let 
         (   
 
 
  ).  
Choose     such that     (       )  
 
 
. Then     ( (       ))   . Thus 
 (       ) does not contain a local minimum and a local maximum on the 
graph. Since this set is connected, this implies that it is contained in at most 
two monotone parts of the graph. Then we can find      such that we have 
 (       )    [    ]. By compactness we have  (  [    ])    [    ] for some 
    . Let      {     }. Hence        [   ]. Applying the Banach Fixed 
Point Principle, we get a fixed point on   [   ].    
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Theorem 2.12 (Suzuki) ( [42], Theorem 2) Let       be a complete metric 
space and let   be a mapping      . Define a nonincreasing function   
from [     onto  
 
 
  ] by  
     
{
 
 
 
                          
(√   )
 
 
                 
(√   )
 
    
 
 
  
                            
 
      
 
Assume that there exists   [     such that  
                   implies                  for all      .  
Then there exists a unique fixed point   of  . Moreover        
     for all 
   . 
Proof. Since       ,                     for all    . By hypothesis, 
this implies that                    for all    . 
Let     be fixed and let {  } be a sequence in   with     
   for all    .  
Since                    for all    , it follows that 
               
          
          (                  )                                                                 
   (              )                                                             
and if    , it now follows immediately that  
             ( 
             ). 
Hence             
  (              ).  
We observe that, by induction, 
               
                                                                (2.12.1)                      
Now,   ∑            ∑  
                ∑        
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(since      ) for all    . Therefore             . 
Therefore {  } is Cauchy in  . Since   is complete, it follows that {  } 
converges to some point    . Therefore       for all    . 
 
We want also to prove that                 for all     { }.  
If     { }, then there exists     such that         
      
 
  for all     
with    . We get 
                                    
                                                                        
    
 
 
       
 
 
              
 
 
                    
                                                                            
                                                                                      
Hence, by hypothesis,  
                               for all    , and hence 
                                                       . 
Therefore we have proved that                 for all     { }. 
 
We show that   is a fixed point of   by using a proof by contradiction. 
Assume that        for all    .  Since                 for all     { } 
and     , it follows by induction that  
  (       )            for all    .                                                     (2.12.2) 
Case 1:     
(√   )
 
. 
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Since   
(√   )
 
,           and hence         . Therefore       
 . 
If                    , then we get that 
                           
                                                                                             
                                    (by (2.12.1)) 
                                 
                         . 
Therefore                          (          ). 
Hence, by hypothesis,                    . It follows now from (2.12.1) 
and (2.12.2) that  
                            
                                       
                                                                                              
                                                                                                                             
This also leads to a contradiction. 
Case 2: 
(√   )
 
     
 
 . 
Assume that                        . 
Then we have                            
                           
                                                                       (by (2.12.1)) 
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Therefore                        . 
Also, since     
 
 , by using (2.12.1) and (2.12.2), we get from the hypothesis 
that  
                            
                                       
                                                                                      
                                                                                    
                                                                              
            
 
                                                                              
This yields a contradiction.  
Case 3:   
 
     . 
We have      . 
We show that for all      , either                    or               
        is true. 
Suppose                    and                      . 
Then 
                         
                                                                                        
                                           (by (2.12.1)) 
                                                                                                     
                                                                                    
which is a contradiction. Therefore, for all      , either 
                   or                       is true. 
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It now follows that  
                                               or 
                                                       for every    . 
By hypothesis, we have either  
                        or                          , which holds for eve-
ry    . 
Since     , this implies that there is subsequence of {  } which converges 
to    and     .  
This is a contradiction because it was assumed that       for all    . 
 
Therefore, in all three cases, we can find     such that      . 
Therefore it follows from (2.12.2) and the fact that    , that  
         (       )           , which implies that           and hence 
    .Therefore   is a fixed point of  . 
 
We show the uniqueness of the fixed point by using a proof by contradiction. 
Assume that there is another point     which is a fixed point of  . 
Since                 for all     { }, we have  
                      . 
We get              . Since   [     and    , it follows that 
             . This is a contradiction, and therefore the fixed point   must 
be unique    
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2.8 Metric completeness of Suzuki’s Theorem 
 
As we observed from Example 2.4, Theorem 2.1 does not characterize the 
metric completeness of  , but in this section we would like to show that 
Theorem 2.12 does. 
Theorem 2.13 ( [42], Theorem 4) Let       be a metric space and define a 
nonincreasing function   from [     onto  
 
 
  ] by 
     
{
 
 
 
                          
(√   )
 
 
                 
(√   )
 
    
 
 
  
                            
 
      
 
For   [     and          ], let     be the family of mappings   on   satis-
fying the following: 
(a) For      :                 implies                 . 
Let     be the family of mappings   on   satisfying (a) and the following 
properties: 
      (b)       is at most countable.                                                                                                                   
Then the following are equivalent: 
(i)   is complete, 
(ii)  Every mapping           has a fixed point for all   [    , 
(iii) There exist         and          ] such that every mapping 
      has a fixed point. 
Proof. By Theorem 2.12, (i) implies (ii). Since              for all   [     
and          ], it follows that (ii) implies (iii).  
We prove by contradiction that (iii) implies (i). 
Assume that there exists         and          ] such that every mapping 
      has a fixed point and   is not complete. Then we can find a Cauchy 
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sequence {  } in   which does not converge in  , and   is strictly imbedded 
into its completion  ̃. 
Let     [                          for    .  
Suppose that     . Since    , but    ̃, we have that   ̂    ̂  
              . Therefore   exists. 
Since                        implies that     
                                      , it follows that   
                           for      . 
Also, we have                     ,  for all    , because {  } does 
not converge in  . 
We have    
   
                      . 
For each    , since        and    
   
       , it follows that we can find 
    such that       
  
    
    . Let   be the smallest of all     such that 
      
  
    
    . Observe that   depends on    . 
If              , then we have       
  
    
     and    {      } 
for all    . Therefore           , and hence      for all    , and   
does not have a fixed point. We show that      . 
Since    {      }, it follows that      {      }, it follows that      is 
countably infinite and hence (b) is proved. 
 
To prove (a), let us fix     in   with                .  
If           ,  then               and we have 
                       
                      
  
    
(         )  
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(         )                                                                                 
 
 
 
(         )  
  
 
(          )                                     
  (         )                                                                            
                                                                                         
If           , then we have      
                             
  (          )                                                                                        
  (  
  
    
)                                                                                       
 
 
    
                                                                                                   
It follows that  
                     
   
  
    
(         )                                                                           
 
  
    
(          )                                                                     
                     
   
    
      
                      
  
    
     
                                                                                                     
Therefore       and by (iii),   must have a fixed point which leads to a 
contradiction. Hence   is complete    
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The following is a direct consequence of the previous theorem. 
Corollary 2.5 ( [42], Corollary 1) For a metric space      , the following are 
equivalent:  
(i)   is complete.                                                                                                                                            
(ii) There exists         such that every mapping   on   satisfying the 
following has a fixed point: 
 
 
     
               implies                  for all      . 
As an observation from Corollary 2.5, we get the following result which is a 
converse to the Banach Contraction Principle. 
Corollary 2.6 Suppose that every contraction mapping   has a fixed point. 
Suppose that there is an         such that  
 
     
               implies                  for all      . Then   is 
complete. 
Remark 2.3 Corollary 2.6 is stronger than Theorem 2.7, because it is true for 
a fixed metric, whereas Theorem 2.7 is true for some family of metrics. 
2.9 Generalization of Suzuki’s Theorem  
 
We are interested in this generalization because it generalizes, extends and 
complements Suzuki’s Theorem 2.12. 
Theorem 2.14 is a slight modification of [44], Theorem 7, with a near identical 
proof, and is slightly stronger. 
Theorem 2.14 Let       be a complete metric space, and let   be a mapping 
on  . Assume that there exist  
  [       [   ],   [      and     satisfying  
(i)              if   *
 
 
 
 
√ 
); 
(ii)                  [
 
√ 
    such that  
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                           implies                  for all      .  
(2.14.1) 
Then there exists only one fixed point   of   . Moreover,        
     for all 
   . 
Proof. Let   [
 
√ 
    such that the implication (2.14.1) holds. 
Since                                                holds for 
every    , we get  
                   for all     by hypothesis. 
Let     be fixed and let {  } be a sequence in   such that     
  . Then  
                   for all     deduced above implies that 
              
           (                  ) 
                          (              )   and  
            ( 
             )   (                  )   
   (              )                                                                
Hence             
  (              ). 
We observe by induction that             
        , where    . 
Now ∑            ∑  
                ∑        
 
   
 
   
       
   
    
(since      ) for all    . 
Therefore, we have             , implying that {  } is a Cauchy sequence. 
Since   is complete, it follows that {  } converges to some point    . There-
fore       for all    . 
We show that                 for all     { }. 
Since                                        and 
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by using the facts that   [   ] and   [    , it follows that there are       
  such that  
             
 
 
 for all     , 
                     
 
 
 for all     , and hence  
                                    for all      {      }. 
Then we can find a positive integer   such that 
                               for all    .  
Therefore, by hypothesis, we get                    for all    , and he-
nce we get 
                when     for all     { }. 
 
Assume that        for all    . Using                 for all     { }, 
we show that 
 (       )            for all    .  
We have for     that  
 (       )   ( (   )  )    (     ) and 
 (     )   ( (     )  )    (       ), from which it follows that 
 (       )     (       ). 
Therefore, by induction, we have  (       )            for all    . 
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For every    ,  we consider the cases 
(i)     
 
 
, 
(ii) 
 
 
   
 
√ 
, and 
(iii) 
 
√ 
      
In case (i), we have     . Therefore, since                    for all 
    and  
 (       )            for     deduced above, we obtain 
                            
                                                                                                     
                                                                                                               
                                                                                                            
which yields a contradiction. 
In case (ii), we have      .  
Assume that                               . If   [
 
 
 
 
√ 
 , then 
                   for all     and  (       )            for     
imply that  
                           
                                                                                  
                                                                              
                   [         ]        
                   
This is a contradiction and therefore                                
          .  
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Since  (       )            for all    , it follows by hypothesis that  
                           
                                     
                                                         
which is also a contradiction.  
In case (iii), we assume that there exists an integer     such that 
                                for all    .  
Then, by hypothesis, 
                     [                        ] 
                                 (       )   
           
                         (       )   
                            
                         (       )   
 [                         ] 
                                          
          . 
By induction, we get 
                  
                            
  (      ) 
                  
          
    
            
  (      ) for all     and    . 
Since     , we get         
 
    
           for all     as    . Hence  
          
 
    
             
  
    
           for all    .  
Therefore we have  
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                                        for all     (since            due to 
  [
 
√ 
   ). 
This is a contradiction. Therefore there is a subsequence {   } of the seque- 
nce {  } such that  
  (         )    (       )   (     )   (     )    for all    . 
By hypothesis, we have  (       )    (     ) for all     . 
If    , we get                 , and     , which is a contradiction. 
Hence there is an integer     such that      . 
Using the fact that                    for all    , we get  
         (         )           , so          , that is      .  
 
Now suppose that   is another fixed point of  . Then      and  
                                , and therefore, by hypothesis, 
                       . Hence, since    , it follows that         . 
Therefore    , implying that   has a unique fixed point    
Remark 2.4 For   [  
 
 
 , if we take     and    , we get a theorem which 
is stronger   than Suzuki’s Theorem, Theorem 2.12,  but this theorem implies 
Theorem 2.12 and therefore Theorem 2.14 is a generalization of Suzuki’s 
Theorem, Theorem 2.12. 
Example 2.5 ( [44], Example 1) Define a complete metric space   which is a 
subset of the Euclidean space   by 
   {        }, and a mapping   on   by 
   ,          
{      } 
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Then   satisfies the condition of Theorem 2.14 for every   *  
 
 
)  [
 
 
   , but 
does not satisfy Suzuki’s condition in Theorem 2.12.   
Proof. Observe that   is complete, because it is finite, and hence closed. 
Since                      for every   [    , and                 
 ,                   is impossible. Hence   does not satisfy Suzuki’s 
condition. 
If   [ 
 
 
 
(√   )
 
  , then       , taking     
     
  
, we get      . 
Hence 
                                and 
                                .  
Observe that   satisfies the condition of Theorem 2.14. 
If   [
(√   )
√ 
 1), we take   
 
 
. There are two cases: 
  [
(√   )
√ 
 
 
 
  and   [
 
√ 
    
Let   
(       )
   
  in the first case and   
     
      
  in the second case. We have 
           in both cases. Then   satisfies the condition of Theorem 
2.14. Also if   [  
 
 
 , for       
 
 
. Then   satisfies the condition of the 
same theorem    
2.10 Generalization of Edelstein’s Theorem by Suzuki 
 
Motivated by Theorem 2.12, Suzuki proved a generalization of Edelstein’s 
Theorem, which is the following theorem. 
Theorem 2.15 ( [43], Theorem 3) Let       be a compact metric space and 
let   be a self-mapping on  . Assume that  
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               implies                 for all      . Then   has a 
unique fixed point. 
Proof. We let      {           } and let {  } be a sequence in   such 
that  
   
   
             
Since    is compact, we may assume without loss of generality that {  } and 
{   } converge to some points       respectively. Then we have 
                                      . 
We prove by contradiction that    . Assume that    .  
We can get     such that  
 
 
          and           
 
 
  for all    . 
Thus we have 
 
 
                  for all    . Hence, by assumption, 
                   for all    . This implies that  
                                        for all    . 
By definition of  ,           and therefore          . 
Since 
 
 
               , it follows that                    . By 
definition of  , this contradicts            . Therefore we conclude that 
   . 
 
If    
 
 
                   , then             for all     and  
therefore        
               for every    . 
Observe that                                          . Thus 
{   }  
converges to  . We also have that 
            
           (                
    ) 
Chapter II 
 
Nelson Mandela Metropolitan University  62 
 
        
   
(                  )                                
Therefore {    } converges to  . 
 
If 
 
 
                  and 
 
 
       
             , then we have  
                           
 
 
 
          
 
 
       
                                                        
 
 
 
          
 
 
                                                                  
                                                                                                
a contradiction. Therefore we conclude that 
 
 
 
                  or 
 
 
       
             .  
By assumption, we have either 
                  or    
                . Consequently, one of the 
following two cases will hold. 
(i) There is an infinite subset   of   such that                   for 
all    . 
(ii) There exists an infinite subset   of   such that            
         for all    . 
In case (i), we get                                              , 
and hence     . 
In case (ii), we get  
                    
                           .  
Therefore   is a fixed point of   in both cases.  
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For the uniqueness of the fixed point  , fix     with    . Since 
 
 
        
        , we have                        . 
Thus   is not a fixed point of of   and we conclude that the fixed point   of   
must be unique    
Remark 2.5 We have seen that Theorem 2.12 generalizes the Banach 
Contraction Principle and characterizes metric completeness. We show that, 
although Theorem 2.15 is a generalization of Edelstein Theorem 2.11, it does 
not characterize the compactness of the metric space. 
Example 2.6 ( [43], Example 2) Let     and let   be a metric defined on   
by          for all       with    . Then       is not a compact metric 
space. However, every mapping   on   for which 
 
 
               implies                 for all       has a unique 
fixed point. 
Proof. The space   is complete but not compact. If    is a mapping on   for 
which  
 
 
               implies                 for all       with 
   , then we have  
 
 
        
 
 
          and thus                  . 
 Hence we have            and      contains only one point, which is the 
fixed point of      
2.11 Generalization of Edelstein-Suzuki Theorem 
 
We give this generalization of the Edelstein-Suzuki Theorem because it ext-
ends Edelstein’s Theorem 2.11 and Suzuki’s Theorem 2.15. This leads also to 
an open problem for future research. 
Theorem 2.16 ( [44], Theorem 9) Let       be a compact metric space, and 
let   be a mapping on  . Assume that  
                         implies                 for      , where  
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              . Then   has a unique fixed point. 
Proof. Let      {           } and let {  } be a sequence in   such that  
                 .  
Since   is compact, we may assume without loss of generality that  {  } and 
{   } converge to some points      , respectively. 
By definition of the sequence {  }, we have 
          
   
           , i.e.         . 
We prove by contradiction that    . Assume to the contrary that    . 
Since       and       , we get that    . Therefore, since also    , 
       [                    ]               for all    . 
This implies that we can choose a positive integer   such that 
                             for all    .  
Hence, by hypothesis,                   holds for    .  
Now we have 
                                       . 
From the definition of  , we get          . Since 
                                                    ,  
it follows from the hypothesis that                    , which is a 
contradiction to the definition of  . Therefore    . 
It also follows that         , so    , i.e.                     .  
Furthermore,        
     . 
 
We prove that   has a fixed point. 
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Assume that   does not have a fixed point.  
Since                                 for all    , it follows from the 
hypothesis that                       for all    .  
By induction, we get         
          
       
                 
and        
      for all integers     . 
If there is an integer     and a subsequence {   } of the sequence {  } 
such that  
  (         
    )    (   
    )   (   
      ) for all    ,  
we get  (        )   (   
      ) by hypothesis.  
Thus    
   
 (         )         (    
    )           , and hence 
    . Therefore   has a fixed point. This is in contradiction to the fact that 
  has no fixed point. Therefore we can say that for every    , there exists 
an integer        such that 
            
           
          
       for all       . 
 Since       
   
    
       
 
     
       
 
       
   and 
  
   
  , 
it follows that we can choose an integer   satisfying 
   
    
 
         
      
 
  
   
  . 
Let       {                     }. Then 
           
           
          
       for all        implies that 
                              
                [        
           
    ]                             
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                    *
       
   
+            
           for all     .  
Since 
                                 
       
             
           , we have 
         *
       
   
+            
 [                  ],  
and thus, after rearranging the terms, we get 
         (
 
   
 
   
    
)          for all     . 
Using the same arguments, we get 
         (
 
   
 
         
      
)       
     (
 
   
 
         
      
)          for all 
      
Again, using the fact that         (
 
   
 
   
    
)          for all     , we 
get 
                            *
  
   
 
   
    
 
         
      
+           for all 
     . 
Since *
  
   
 
   
    
 
         
      
+   , it follows that                     ,  
which is a contradiction. Therefore we must have     such that     . 
 
To prove the uniqueness of the fixed point, fix     with     with     . 
Then, since                                  implies  
                              , we get that   is not a fixed point of  . 
We conclude that the fixed point of   is unique    
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Example 2.7 ( [44], Example 2) Define a complete metric space   by 
  {         } such that 
                              , 
                  
               
 
 
   
               , 
and a mapping   on   by                         . 
For   
 
 
   
 
 
  the mapping   satisfies the condition of Theorem 2.16, but 
does not satisfy Suzuki’s condition from Theorem 2.15. 
Proof. We have  (               ) and 
 
 
                  . 
Then   does not satisfy Suzuki’s condition of Theorem 2.15. But since 
                                          
 
 
       , 
it follows that   satisfies condition of Theorem 2.16    
Open problem 2.1 When we set   
 
 
    , we obtain Suzuki’s theorem. 
However, it is not known if Theorem 2.16 is still correct when         or 
more generally for       . 
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CHAPTER III FIXED POINT THEOREMS FOR SELF-MAPPINGS 
 
3.1 Introduction 
 
In this chapter, we will give some results in metric fixed point theory for self-
mappings on Banach and on general metric spaces, as well as their genera- 
lizations. We give also a partial solution to the following open problem. 
Open problem 3.1 Every reflexive Banach space has a fixed point property, 
i.e. if   is a nonexpansive mapping of a reflexive Banach space   into itself, 
then   has a fixed point.  
3.2 Browder’s fixed point theorems  
 
Theorem 3.1 below, due to Browder, was first obtained from the concepts of 
the theory of monotone operators in Hilbert space [54]. He extended this to 
the class of spaces having weakly continuous duality mappings.  
Theorem 3.2, which is a generalization of Theorem 3.1 to general Banach 
spaces, was obtained independently by Browder [55], Kirk [56] and G ̈hde 
[57]. Theorem 3.2 is more general, since it is valid for the   -spaces,     
 , for which the duality mappings are not weakly continuous    . However, 
the proof that we will provide is taken from [58], pp. 204. 
Theorem 3.1 ( [54], Theorem 4) Let   be a closed bounded convex subset of 
a Hilbert space  , and   a nonexpansive mapping of   into  , i.e.  
‖     ‖  ‖   ‖ for all      . 
Then   has a fixed point in  . 
Proof. For each  , with      , let                 for all    , and 
for a fixed element     . We have  
‖       ‖  ‖       ‖ 
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                          ‖     ‖ 
  ‖   ‖                                                                                     
for all      . 
By the Banach Contraction Principle,    has a unique fixed point    in  . 
Since   is closed, convex and bounded in the Hilbert space  , it is weakly 
compact. Hence we can find a sequence {  } such that      and        
converges weakly to an element     . Since   is weakly closed, it follows 
that     . 
 
We show that    is a fixed point of  . 
If   is an arbitrary element of  , we have  
‖    ‖
 
 ‖(     )        ‖
 
 
                ‖     ‖
 
 ‖    ‖
   〈          〉                           (3.1.1) 
where  〈          〉    as    , because         in  . 
Since     , and     is a fixed point of     for all   , it follows that  
       (      (    )  )     (    )(      ) 
          (    )(      )                                                         
                  (    )(      )    as    . 
Setting      , we get from (3.1.1) that 
      ,‖      ‖
 
 ‖     ‖
 
-  ‖      ‖
 . 
Since   is nonexpansive, i.e. 
‖       ‖  ‖     ‖ for all   , 
it follows that   
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‖      ‖  ‖      ‖  ‖       ‖  ‖      ‖  ‖     ‖. 
Hence          (‖      ‖  ‖     ‖)            ‖      ‖     
Thus,          (‖      ‖
 
 ‖     ‖
 
) 
       
   
(‖      ‖  ‖     ‖)       
   
(‖      ‖  ‖     ‖)              
Therefore ‖      ‖
    and    is a fixed point of      
 
The next theorem generalizes Theorem 3.1 to general Banach spaces, since 
a Hilbert space is uniformly convex [4], pp. 53. 
Theorem 3.2 ( [55], Theorem 1) Let   be a uniformly convex Banach space,   
a nonexpansive mapping of the closed convex subset   of   into  . Then   
has a fixed point in  . 
Proof. Let   be the family of nonempty closed convex subsets of    which are 
invariant under  , i.e. for all     ,         . 
The set   is nonempty since    . 
Define a partial order     on   by       if      . 
Let   {      } be a linearly ordered subfamily of . Since    is convex 
for every     , it follows that         is also convex. Likewise       is clo- 
sed since     is closed for every    . Therefore  
         is closed and 
convex subset of  .  Now,   is an inductive partially ordered set since the 
intersection of the elements of   is also a closed convex subset of  . 
 
We show that    is invariant under  . 
Observe that                     (     )           
  because     is 
invariant under   for each    . Therefore    is invariant under  . 
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Since   is a uniformly convex Banach space, it is reflexive by Theorem 1.19, 
and it follows that all its bounded closed convex subsets are weakly compact 
(Theorem 1.11). Therefore    is weakly compact for every    . 
 
Next, we show that         . 
Since   is a linearly ordered subfamily of  , it has an upper bound in  , say 
  , for some    , and    is weakly compact. Furthermore,    is a closed 
subset of    for every    . By definition of     on  , for any finite 
subcollection    {         } of  , there exists   {     } such that       
for all   {     }. Then
 
 
   
        and therefore  
  has the finite inter- 
section property. Therefore, by [59], Theorem 17.4,         . 
By the duality of Zorn’s lemma,   has a minimal element, say   , which is 
therefore nonempty. 
 
We show that    is the convex closure of      . 
Let    be the convex closure of      . Since         , it follows that    is 
contained in the convex closure of   , which is    , and therefore        . 
We show that    is invariant under  . 
Since       and         , we get that               . Therefore 
        . 
We have     , since           . 
Therefore     . By the minimality of    in  , and the fact that      , we 
get       . 
 
We end the proof by showing that    is a singleton. We prove this by contra- 
diction.  
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Suppose that    has two distinct elements and let    be the diameter of   . 
Then we may choose two distinct elements    and    in    such that        
‖     ‖  
  
 
. Let   be the midpoint of the segment joining    and   . Since 
   is convex,     . For any element   of   ,     is the midpoint of the 
segment joining      to      because 
 
(               )
 
 
       
 
      . Furthermore ‖    ‖     and 
‖     ‖    . 
Since   is a uniformly convex Banach space, there exists a constant     
such that 
‖   ‖  ‖
(               )
 
‖               
since ‖               ‖  ‖      ‖  
  
 
. 
Let             and let          {        ‖   ‖    }. 
The set    is a closed convex subset of    because it is the intersection of 
closed convex sets, and is non-empty since   is an element of   . Observe 
that    is a proper subset of    since      . 
 
We show that    is invariant under  . 
Let      and        . Take an arbitrary    . We can find a convex 
linear combination of           , such that 
 ‖  ∑      
 
   ‖    (       ∑     
 
   )  
Then  
‖    ‖  ‖   ∑      
 
   ‖  ‖∑      
 
     ‖  ‖   ∑      
 
   ‖   , 
‖   ∑      
 
   ‖    ∑   ‖      ‖
 
     , because ∑     
 
   . 
Since   is nonexpansive and     , we have ‖      ‖  ‖    ‖    . 
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Therefore, ‖    ‖  ∑   
 
          ∑        
 
     . This holds for 
any    . 
Hence  ‖    ‖     for all     . Therefore      , and hence    is invar-
iant under  . Therefore       . 
We get a contradiction because    is a proper subset of   .  
Hence    {  } for some     . Since         , it follows that       
      
3.3 Kirk’s fixed point theorem  
 
In this section, a fixed point theorem for nonexpansive mappings is proved by 
means of a characterization of reflexivity due to Smulian and a notion of 
normal structure introduced by Brodskii and Milman [60]. Since it is not known 
until now if every reflexive Banach space has a fixed point property (FPP) 
[61], this will give a partial solution to this open problem and generalizes 
Theorem 3.1. 
Before giving the main result and its corollary, we prove two lemmas. 
Lemma 3.1 ( [56], Lemma 1) Let   be a nonempty, bounded, closed and 
convex subset of a Banach space  . For     , let  
         {‖   ‖    }, 
        {         }, and 
   {               }. 
If   is reflexive, then    is nonempty, closed, and convex. 
Proof. Let        ,     ‖   ‖       
 
 
- and let              . We 
prove that {  } is a decreasing sequence of nonempty and closed convex 
sets. 
We show that {  } is a decreasing sequence.  
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Let                    . Then            for all     and we have 
   , and hence ‖   ‖       
 
   
      
 
 
  for all    . Therefore 
         and         for all    . Hence {  } is a decreasing sequence. 
 
Since        is closed for all     and    , we get that    is closed for all 
   . 
Since           for all    ,    is nonempty for all    . 
 
Since        is convex for all     and    , we get that    is convex for all 
   . 
Therefore        
    is closed, convex and nonempty by Theorem 1.12    
Lemma 3.2 ( [56], Lemma 2) Let   be a closed convex subset of   which 
contains more than one point. If   has normal structure, then           . 
Proof. By assumption   has a normal structure and hence it has at least one 
point which is not a diametral point, say  . Thus we have           . 
For any two arbitrary points       , we have ‖   ‖            . 
Therefore          {‖   ‖       }                     
 
The next theorem is another formulation of Theorem 3.2 found in [58] and 
[55], and is independently proved by F. Browder and D. G ̈hde.  
Theorem 3.3 ( [56], Theorem pp. 1004) Let   be nonempty, bounded, closed 
and convex subset of a reflexive Banach space  , and suppose that   has 
normal structure. If   is a nonexpansive mapping of   into itself, then   has a 
fixed point. 
Proof. Let   {       } be a collection of all nonempty closed and convex 
subsets of   such that          for each    . Since   is a reflexive 
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Banach space, it follows from Theorem 1.12 that every bounded descending 
sequence of   must have a nonempty intersection. Furthermore, since       
is a partially ordered set, it follows from the duality of Zorn’s lemma that  has 
a minimal element, say  . Therefore       . 
 
We prove by contradiction that   is a singleton, proving that   has a fixed 
point. 
Let     . Since   is nonexpansive, it follows that 
 ‖     ‖  ‖   ‖       for all    .  
Therefore,      is contained in the closed ball   with center    and radius 
    .  Since also        and   is nonexpansive, we get that          
 . By the minimalty of  ,      . 
Obviously,   is closed, nonempty and convex.  
So if    , then ‖    ‖      , implying that            . Now, since 
    , it follows that            , and thus            . Hence       
and we therefore have         . Since   is reflexive,    is nonempty, closed 
and convex by Lemma 3.1, and thus an element of  . 
If       , then   contains at least two points and   has a normal structure. 
Then, by Lemma 3.2, we get           , which implies that     .  Since 
        , this is a contradiction to the minimalty of  .Thus        and   is 
a singleton    
Corollary 3.1 ( [56], Corollary pp. 1004) Let   be nonempty, closed and 
convex subset of a reflexive Banach space  . In addition, suppose that the 
sequence {        { }} is bounded for some    and suppose that   
has normal structure. If   is a nonexpansive mapping of   into itself, then 
  has a fixed point. 
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Proof. Let   {         { }}. Since   is bounded by hypothesis, we can 
choose     so that   is contained in the closed ball    [   ], with 
center   and radius  . 
For every    , let    be the closed ball centered at  
   with radius  , and 
let        . 
 
We show that     .   
Since 
 ‖         ‖  ‖                 ‖ 
                                ‖           ‖    ‖    ‖    , 
we have          for all     , and since       , it follows that   
     
 ,…,          . We have       for all    . 
Since also        for all    , it now follows that  
      and we have 
     for each    . 
Observe that    and   are both closed and convex, and hence 
        is closed and convex. Therefore    is closed, convex and non- 
empty for each    . 
Let  {          
              }. We prove that   .  
Let   {           } be an arbitrary subfamily of {  }. We have  
    
    
    , because for every    , we get 
 ‖       ‖  ‖           ‖    ‖       ‖   . 
Using the same argument, we see also that       for every     , so that 
{  } is a decreasing sequence. It follows from Theorem 1.12 that      
 , where   ⋂   
 
   for all    . 
The closure of , denoted by ̅ , is bounded and convex.  
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We show that    ̅   ̅. 
Observe that                    for all    . If    ,       
    for 
some    , and hence          
   . Then        and    ̅   ̅. By 
Theorem 3.3,   must have a fixed point    
 
We give an example which shows that Theorem 3.3 cannot be extended to 
include mappings of general types. 
Example 3.1 ( [56], pp. 1005-1006)  
Let   be a closed unit ball in the Hilbert space   . We know that    is reflexive 
Banach space. We show that   has a normal structure. Let   {  
                ‖ ‖   }.  
Then         {      ‖   ‖    }    and         √ . Hence 
             and   has a normal structure. 
 
Let    . For                  , let         ‖ ‖             .  
where   is a constant such that     and     √    . Clearly      . 
We show that   maps   into itself. 
Let      [    ‖ ‖ ]    
    
    
    for all                  . If 
   , then 
     [    ‖ ‖ ]  ‖ ‖            ‖ ‖  ‖ ‖   ‖ ‖  
          ‖ ‖         ‖ ‖                                     
                                                                
Hence ‖  ‖   . Therefore    maps   into itself, and {        { }} is 
bounded for every    . 
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We also show that 
‖     ‖   ‖   ‖ for all      . 
Let                 . Observe that  
‖     ‖  ‖     ‖ ‖                   ‖ ‖             ‖
  
           [    ‖ ‖      ‖ ‖ ]         
         
        
                            ‖ ‖         ‖ ‖    ‖ ‖       ‖ ‖   ‖   ‖  
       ‖ ‖    ‖ ‖         ‖ ‖‖ ‖     ‖ ‖      
    ‖ ‖        ‖ ‖    ‖ ‖  ‖   ‖         
   ‖ ‖     ‖ ‖‖ ‖    ‖ ‖  ‖   ‖                        
   [‖ ‖  ‖ ‖]  ‖   ‖                                                      
   ‖   ‖  ‖   ‖                                                             
       ‖   ‖                                                                       
   ‖   ‖                                                                                  
Therefore ‖     ‖   ‖   ‖ for all      . 
 
Lastly, we show that   has no fixed point. 
If                  is a fixed point of  , then 
           ‖ ‖                          , and hence 
        ‖ ‖      ‖ ‖      ‖ ‖      ‖ ‖    . 
Observe that ‖  ‖  ‖ ‖  √[∑     ‖ ‖      ]        if ‖ ‖    or ‖ ‖    
respectively, which is impossible because we must have ‖  ‖  ‖ ‖. 
Therefore   has no fixed point. 
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Since    ,   is not nonexpansive, and  it follows that Theorem 3.3 cannot 
be extended to include mappings which are not nonexpansive    
 
The following example shows that reflexivity cannot be dropped from 
Theorem 3.3. 
Example 3.2 ( [56], pp. 1006) Consider the Banach space  [   ] of 
continuous functions.  
The set   {   [   ]                       } is bounded, closed 
and convex. Let             for all   [   ]. 
We show that  [   ] is not reflexive. 
If {  }    converges weakly to    [   ], then {  } converges pointwise to   
on [   ]. For every natural number  , let        
 ,   [   ]. Then {  } 
converges pointwise to      {
        [     
               
 
which is not continuous. Hence no subsequence of {  } can converge weakly 
to a function in  [   ]. Therefore, by Theorem 1.10,  [   ] is not reflexive. 
 
Clearly   maps   into itself. 
 
We show that ‖     ‖  ‖   ‖ for all      [   ]. 
‖     ‖       [   ]{|           |      } 
       [   ]{|           |      }                                        
              [   ]{| ||         |      }                                              
              [   ]{| |}     [   ]{|         |      }                        
             [   ]{|         |      }                                                  
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                        ‖   ‖    
for all      [   ]. 
Hence   is a nonexpansive self-map. 
 
Lastly we show that   has no fixed point. 
For if     is a fixed point of  , then                  for all   [   ]. 
Now,                       , and therefore        or    .  
If       , then by definition of  ,    , or     and ‖     ‖    ‖    ‖. 
If    , then again by definition of  ,        but        for some   
[   ]. 
Since there is no     such that                  for all   [   ], it 
follows that   has no fixed point    
3.4 Edelstein, Kannan, Singh and Zamfirescu theorems 
 
In this section, we will discuss the results due to M. Edelstein [41], R. Kannan 
[27], [62] and S. P. Singh [63] and their generalizations by T. Zamfirescu [64]. 
3.4.1 Edelstein’s Theorem 
 
The next theorem generalizes Theorem 2.11 to general metric spaces. 
Theorem 3.4 ( [41], Theorem 1) Let       be a metric space, and let   be a 
contractive self-mapping of   (i.e.                 for all      , with 
   ) for which there exists     such that {    }  {   } and  
       
     . Then   has a unique fixed point  , where          
   . 
Proof. We prove the theorem by contradiction. Suppose to the contrary that 
    , where          
   ,  and consider the sequence {      }. Since   
is a contractive map, it is continuous and hence {      } converges to   . 
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Let                        
        
      
, where  
  {             }. 
Since          for all            , it follows that   is continuous on 
     . Hence, for a given      , we can find a neighborhood   of  
(      )        such that         implies that           . 
Let            and             be two open balls centered at   and    
respectively and of radius     such that   
 
 
        and         
(observe that          , since     ). 
Since        
      and since   is a contractive map, there exists a 
positive integer   such that     implies that         and  
        . 
Observe that 
                                                  
                                                                         
 for all    . 
Therefore                  for all    . 
Since         and              for all        , we get 
                                 
                                                          
Using the same argument, we get for       that 
                                     
Since        
                   , there is a contradiction to the fact that  
                     for all    . Hence     . 
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If   is a fixed point of   with    , then  
               , which is impossible since   is a contractive map. There- 
fore   must be the unique fixed point of      
3.4.2 Kannan’s Theorems 
 
Theorem 3.5 ( [27], Theorem 1) Let       be a metric space and let   be a 
map of   into itself such that the following conditions hold.  
(i)            {               }     
 
 
 for all      . 
(ii)   is continuous at a point    . 
(iii) There exists a point     such that the sequence of iterates {   } 
has a subsequence {    } converging to  . 
Then   has a unique fixed point, which is    
Proof. By (ii) and (iii), we have        
        . 
Assume that     . Consider two balls         and         , centered at   
and    respectively and of radius    , with   
 
 
       . Since 
       
      and        
        , we can find a positive integer    such 
that              and  
               for all     . We have  
                                              
                                                
for all     , 
and therefore                           for all     . 
Since           , we get                  for all     . By assumption, 
we have  
                  {                               }, where     
 
 
. 
Thus  
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              . 
For       , we have  
               
 
   
               
                                                   
 
   
*
 
   
                + 
                                            (
 
   
)
 
                  
By induction, we get 
                (
 
   
)
     
               
for       . 
Since       (
 
   
)
     
                ,  
it follows that          
             . This contradicts the fact that 
                  for all     . Thus     . Hence   is a fixed point of  . 
 
For the uniqueness, let   be a fixed point of   with    , then  
                   [                ]   . 
Hence     and the proof is complete    
 
The previous theorem is a generalization of the next theorem, but we omit the 
proof. 
Theorem 3.6 ( [62], Theorem 1) If   is a map of a complete metric space 
      into itself, and if  
          [               ]     
 
 
  for all      , 
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then   has a unique fixed point in  . 
Using Theorem 3.5, we prove the next theorem. We give our own proof, much 
simpler than the original one given by the author.  
Theorem 3.7 ( [27], Theorem 2) Let       be a metric space and let   be a 
continuous map of   into itself. Suppose that 
(i)           {               }     
 
 
  for all   and   belong- 
ing to a dense subset  of  . 
(ii) There exists a point     such that the sequence {   } has a 
subsequence {    } converging to a point    .  
Then   has a unique fixed point, which is  . 
Proof. Since the hypothesis satisfies condition (ii) and (iii) of Theorem 3.5, we 
only have to show that condition (i) is satisfied to conclude that   is the unique 
fixed point of  . 
Let      . 
Since   is dense in  , we can find two sequences {  } {  } in   such that 
     and     . 
Now, since   is continuous, we have by (i) that, for     
 
 
, 
            
   
              
   
 {                   } 
  ,    
   
             
   
         -         
    {               }                                     
Since the conditions (i)-(iii) of Theorem 3.5 are now fulfilled, the theorem is 
proved    
Theorem 3.8 ( [27], Theorem 3) Let       be a metric space and let   be a 
map of   into itself. Suppose that   is continuous at a point     such that if 
the sequence {   } converges to   , then       . If, in addition, 
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                  ,    ,      , 
then   has a unique fixed point, which is   . 
Proof. Let     
  . Since {   } converges to   , it follows that       as 
   . 
Observe that                              
                              
Since       [                    ]   , it follows that            , and 
therefore       . Thus    is a fixed point of  . 
 
For the uniqueness, assume that there is      such that     . Then 
         , and therefore                            implies that    , 
which is a contradiction. Therefore    is the unique fixed point of      
Remark 3.1 The previous theorem is somehow similar to the Banach Contra- 
ction Principle, but there are two differences: 
For the Banach Contraction Principle, we have that                  holds  
for all       ,      , with   a complete metric space. However, in the 
previous theorem,                  for all     ,      , where   is a 
general metric space and     is fixed. 
3.4.3 Singh’s Theorem 
 
The next theorem, due to Singh, is an improvement of Theorem 3.6. 
Theorem 3.9 ( [63], Theorem 1) Let       be a metric space and let       
be a continuous mapping such that          
 
 
{               } for 
   . If for some     , the sequence { 
   }, has a subsequence { 
    } 
converging to  , then      converges to   and   is a unique fixed point of  . 
Proof. Since       converges to  , it follows that    
     
        is non-
increasing.  
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By the continuity of  , we have        
          and        
       
   . 
Therefore                  
      
        
    
   
           
                                     
                                                 . 
If     , then, by hypothesis,                  . This implies that  
               , which is impossible. Therefore      and   is a fixed 
point of  . 
 
For the uniqueness, let       be two fixed points of   with    . Thus 
     and      imply that  
           
 
 
{               }  
 
 
{             }   , 
which is a contradiction    
3.4.4 Zamfirescu’s theorems  
 
In this section, we present some results of T. Zamfirescu [64] which 
generalize the Banach Contraction Principle and the previous theorems of 
Kannan, Edelstein and Singh. The proof of the following proposition can be 
found in the proof of Theorem 1 [64]. 
Proposition 3.1 Let       be a complete metric space and let       be real 
numbers with       
 
 
  and   
 
 
 . Let       be a function such that for 
each couple of different points        at least one of the following conditions 
is satisfied: 
(i)                 , 
(ii)           (               ), 
(iii)           (               ). 
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Then for every     , { 
   }   
  converges in  . 
Proof. Let      ,  
 
   
 
 
   
-. Clearly    . 
Let      and let     be a fixed integer. Take        such that    
    
and         . If    , then    
       
       , so that   is a fixed 
point of   and the proof is complete. We therefore assume that    , and 
hence    is not a fixed point. 
If, for   and  , condition (i) is fulfilled, then we have  
          
         (   
        
      ) 
                                    
       
                                                                                  
      . 
If, for   and  , condition (ii) is satisfied, then 
           
         (   
        
      ) 
                                          (       
          
       
      ), 
which implies that                
           
     
      , and hence 
          
        
 
   
        
           
     
        
If condition (iii) is satisfied, then we get 
          
        (   
        
      ) 
                                      (        
           
       
       ) 
      (        
           
       
       )  
Thus                
           
     
       ,  
and hence 
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       . 
This holds for all    . 
Hence   
          
          
         
        for all     and    . 
Therefore, for    , 
        
        
            for all    . 
Hence {    }   
  is Cauchy. Since   is complete, it follows that {    }   
   
converges in   to  , say    
Theorem 3.10 ( [64], Theorem 1) Let       be a complete metric space and 
let       be real numbers with       
 
 
   
 
 
 . Let       be a function 
such that for each couple of different points        at least one of the 
following conditions is satisfied: 
(i)                 , 
(ii)           (               ), 
(iii)           (               ). 
Then   has a unique fixed point. 
Proof. Let     . By Proposition 3.1, the sequence { 
   }   
   converges in 
  to  , say. 
We prove by contradiction that   is a fixed point of  . Suppose that     . 
Then          . 
Let   ,           
 
 
       -. 
Now, for every    , we have that 
                        
 
 
                 
By rearranging the terms, we get that         
 
 
               , 
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and hence  
 
 
               . Therefore 
 
 
               . 
The last two statements hold for all    . 
Since the sequence {    }   
  converges to   and          , we can find 
an integer   such that        for each       
Let        and    . We must have at least conditions (i)-(iii) as in the 
hypothesis. 
Suppose that condition (i) holds. 
Then we obtain                  
      . Since    , we have that 
                  
       
                                                                                  
 
 
 
                                                                              
                                                             
Therefore       . This is a contradiction and so the condition (i) is not 
satisfied. 
 
Now suppose that the condition (ii) holds. 
We have               (   
     
              ). Let    
     Since 
         for each     and hence         
 
 
       , we have     
         and                 
 
 
       .  
Observe that               (   
     
              ) 
                    
 
 
(        
              ) 
                                               
 
 
(               
              )        
Chapter III 
Nelson Mandela Metropolitan University  90 
 
                          
 
 
(                      )      
                               
 
 
.
 
 
        
 
 
               / 
                                      
 
 
                               
This is a contradiction, and so condition (ii) is not satisfied. 
 
Finally, suppose that condition (iii) holds. 
We then have that               (   
           
        ), and hence  
              (   
           
        ) 
                                                 
 
 
(                      
        ) 
                                
 
 
(                       ) 
                                            
 
 
.
 
 
                 
 
 
       / 
                                                 
 
 
                               
This is a contradiction, and so condition (iii) is not satisfied. 
Since at least one of conditions (i)-(iii) must hold, we get that   must be the 
fixed point of   and we have     . 
 
We show the uniqueness of  . 
Suppose to the contrary that there is another point     such that     , 
with    . We have 
               , and condition (i) is not satisfied. 
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Also,                         , because 
                               , and so condition (ii) is not satis- 
fied. 
Lastly,          
 
 
(               ),  
because                                  , and condition (iii) is 
not satisfied. 
This is contradiction and    , i.e. we have proved the uniqueness of  .    
 
The next corollary is the well-known Banach Contraction Principle. 
Corollary 3.2 Let       be a complete metric space,    , and       a 
function such that for each couple of different points      , we have 
                . Then   has a unique fixed point. 
The following corollary is Theorem 3.4, due to Kannan. 
Corollary 3.3 ( [62], pp. 295) Let       be a complete metric space,   
 
 
, 
and       a function such that for each couple of different points      , 
          (               ) is satisfied. Then   has a unique fixed 
point. 
Corollary 3.4 ( [64], Corollary 3) Let       be a complete metric space,   
 
 
  
and      , a function such that for each couple of different points      ,  
          (               ) is satisfied. Then   has a unique fixed 
point. 
Example 3.3 ( [64], pp. 294) We give an example which shows that we can 
get a complete metric space and a function such that both corollaries 3.2 and 
3.3 fail to apply but only corollary 3.4 is satisfied. 
Take the complex plane   and    {               }. 
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Let   {
 
  
     { }}. 
For every    , let             with real parts          
 
   
  and 
          
 
     
, such that all four points form the vertices of a square. 
Define the space     {  }   
  { } and the map       such that 
 (
 
  
)  
 
    
              and       . Let   be equipped with the usual 
Euclidean metric. 
Hence, for                      , we have  
         |     |  √                   
By a routine argument, every Cauchy sequence in   converges, and therefore 
  is complete. 
Observe that   satisfies condition (iii) of Theorem 3.10. For each finite subset 
   of   with finite complement in  , no        such that condition (i) or 
condition (ii) is satisfied. 
Therefore we get a complete metric space and a function such that both 
Corollaries 3.2 and 3.3 fail to apply but only Corollary 3.4 is verified    
Corollary 3.5 ( [64], Corollary 4) Let       be a complete metric space,    , 
and       a function such that for each couple of different points      , 
                ,where        is the mean value of the first three, the last 
four, the first one and the last two or all five (the choice may depend on    ) 
of the following numbers: 
                                      . 
Then   has a unique fixed point in  . 
Proof. Case 1: If        is the mean value of the first three, then 
        
 
 
(                      ), and hence we have 
               or        
 
 
(               ). 
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 Now,                         , or 
                 
 
 
(               ).  
Hence at least one of the conditions (i) and (ii) of Theorem 3.10 is satisfied at 
  and  , by  taking     and   
 
 
. 
Case 2: If        is the mean value of the last four, then 
       
 
 
                                    . 
Hence we have   
       
 
 
(                ) or        
 
 
                  . 
Therefore, 
                 
 
 
(                ), or 
                  
 
 
                  . 
Hence at least one of the conditions (ii) and (iii) of Theorem 3.10 is satisfied at 
  and   by taking     
 
 
 . 
Case 3: If        is the mean value of the first and the last two, then 
       
 
 
                        . 
Now,               or        
 
 
(               ), and we have  
                        , or 
                 
 
 
(                ), so that at least one of condi- 
tions (i) and (iii) of Theorem 3.10 is fulfilled at   and   by taking     and 
  
 
 
 . 
Case 4: If        is the mean value of all five, then  
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                                        , then we have at least 
one of the following properties: 
             ,        
 
 
(               ), 
       
 
 
(                ),        
 
 
                  .  
Hence we have 
                        , or          
 
 
(                ), 
or          
 
 
(                ).  
Thus, at least one of the conditions (i), (ii), (iii) of Theorem 3.10 is satisfied by 
using    ,   
 
 
 and   
 
 
 . 
Therefore, by theorem 3.10,   must have a unique fixed point in      
Theorem 3.11 ( [64], Theorem 2) Let       be a metric space,       real 
numbers with       
 
 
   
 
 
, and       a function such that for each 
couple of different points      , at least one of the following conditions is 
satisfied 
(i)                 , 
(ii)           (               ), 
(iii)           (               ). 
If for some     , the sequence { 
   }   
  has a limit point   in  , then   is a 
unique fixed point of  . 
Proof. To prove this theorem, we observe from Proposition 3.1 that {    }   
  
is a Cauchy sequence, hence it converges to some point     by assump- 
tion.  Using the same arguments as in the previous theorem, we conclude that 
  is a unique fixed point of      
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Remark 3.2 Since under the hypothesis of Theorem 3.10, {    }   
  is 
convergent for every     , it follows that Theorem 3.11 generalizes theo- 
rem 3.10. 
The next corollary follows from Theorem 3.11 and generalizes Theorem 3.6, 
and is due to Kannan, because it does not require the function to be conti- 
nuous at a given point. 
Corollary 3.6 Let       be a metric space,   a real number with      and 
      a function such that for each couple of different points      , 
                 is satisfied. If for some     , the sequence { 
   }   
  
has a limit point   in  , then   is a unique fixed point of  . 
The next corollary follows from Theorem 3.11 and generalizes Theorem 3.5, 
due to Kannan, because it does not require the function to be continuous at a 
given point and no convergence of a subsequence is needed. 
Corollary 3.7 ( [27], Theorem 1) Let       be a metric space,   a real number 
with   
 
 
  and       a function such that for each couple of different points 
     ,           (               ) is satisfied. If for some     , the 
sequence {    }   
  has a limit point   in  , then   is a unique fixed point of  . 
Corollary 3.8 Let       be a metric space,   a real number with   
 
 
, and 
      a function such that for each couple of different points      , 
          (               ) is satisfied. If for some     , the 
sequence {    }   
  has a limit point   in  , then   is a unique fixed point of  . 
Corollary 3.9 Let       be a metric space,    , and       a function 
such that for each couple of different points      ,                 , 
where        is the mean value of the first three, the last four, the first one 
and the last two or all five (the choice may depend on    ) of the following 
numbers: 
                                      . 
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If for some     , the sequence { 
   }   
  has a limit point   in  , then   is a 
unique fixed point of  . 
The next theorem generalizes the Banach Contraction Principle. 
Theorem 3.12 ( [64], Theorem 3) Let   be a subset of a complete metric 
space        and let       be real numbers with       
 
 
   
 
 
 and 
      a function such that for each couple of different points      , at 
least one of the following three conditions is satisfied 
(i)                 , 
(ii)           (               ), 
(iii)           (               ). 
Then, for     , the sequence { 
   }   
  converges to a point in  , 
independent of the choice of   . 
Proof. By Proposition 3.1, for     , there exists a point   in   such that  
       
     . 
Let    be arbitrary in  . By Proposition 3.1, we have        
      for 
some    . We prove by contradiction that    . 
Let      ,
   
   
 
 
 
 
    
    
-. 
Assume that          and choose an arbitrary   such that  
    (
 
 
      ) (   ,
   
   
 
 
 
 
    
    
-). 
Since        
      and        
     , it follows that there is     
such that             and    
         for every    . 
Let        and    
   , where    . 
 
If condition (i) of Theorem 3.10 is fulfilled by   and  , then we have 
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     for all    . 
Observe that          
      (   
                   
    ) 
                                                                       . 
Using the fact that   (
 
 
      ) (
   
   
), we get that 
                   . 
After rearranging the terms, we get that 
          
                    
                                                                 
                             
                    
                
                                                        
which is a contradiction. 
 
Assume now that condition (ii) of Theorem 3.10 is fulfilled by   and y. Then 
we have 
          
        (   
     
          
     
      ) for   
 
 
. 
We have also that 
  (        
          
     
      ) 
                                    (               
           
            
       ) 
                                                                               
for all    . 
Furthermore, since   
 
 
, we get   
 
 
       
 
 
 (
 
 
      ) (
 
    
) , 
This gives                . Rearranging the terms we get 
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        (   
     
          
     
      )                                                                 
                                                                       
                                                        
                         
                                                             
which leads to a contradiction. 
 
Lastly, assume that   and   satisfies condition (iii). It follows from similar 
arguments to the above that 
          
        (   
     
          
     
      ), 
  (                       
          
             
            ) 
                                                                                  
           
                                                                                           
As in the previous case, we again arrive at a contradiction. 
Therefore we must have          and the theorem is proved    
Corollary 3.10 (Picard-Banach Contraction Principle) Let   be a subset of 
a complete metric space                 be a real number with      Let 
      be a function such that for each couple of different points      , 
                 is satisfied. Then, for     , the sequence { 
   }   
  
converges to a point in  , independent of the choice of   . 
Remark 3.3 Corollary 3.10 generalizes the Banach Contraction Principle 
because the contraction self-map is defined on any subset of a complete 
metric space. 
Corollary 3.11 Let   be a subset of a complete metric space 
                   a real number with   
 
 
  Let       be a function such 
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that for each couple of different points       ,            (        
       ) is satisfied. Then, for     , the sequence { 
   }   
  converges to 
a point in  , independent of the choice of   . 
Corollary 3.12 Let   be a subset of a complete metric space         a real 
number with   
 
 
 and       a function such that for each couple of 
different points      ,           (               ) is satisfied. Then, 
for     , the sequence { 
   }   
  converges to a point in  , independent of 
the choice of   . 
Corollary 3.13 Let   be a subset of a complete metric space      ,    , 
and       a function such that for each couple of different points      , 
                , where        is the mean value of the first three, the last 
four, the first one and the last two or all five (the choice may depend on    ) 
of the following numbers: 
                                      .  
Then, for     , the sequence { 
   }   
  converges to a point in  , inde- 
pendent of the choice of   . 
The next theorem is an extension of Theorem 3.9 and hence an extension of 
Theorem 3.11. 
Theorem 3.13 ( [64], Theorem 4) Let       be a metric space and       a 
continuous function such that for each couple of different points      , at 
least one of the following conditions is satisfied: 
(i)                , 
(ii)          
 
 
                 , 
(iii)          
 
 
                 . 
If for some     , the sequence { 
   }   
   has a subsequence converging to 
  in  , then   is a unique fixed point of  . 
Proof. Suppose that for some point     , the sequence { 
   }   
   has a 
limit point   in  . 
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Let {     }   
  be a subsequence of the sequence{    }   
  such that 
        
      . 
Then we have that        
          and        
        
  , because   
is continuous. 
We prove that we either have 
       
      , 
or           
          
     
      , 
for each    . 
The proof is by contradiction. 
Assume to the contrary that, for some    , we have       
      and 
        
          
       
      . 
Let        and    
     . Then we get a contradiction to the conditions 
(i), (ii) and (iii) for the following reasons: 
(i)           
          
     
      . 
(ii)           
       
 
 
(        
          
       
      ) 
            
           
(iii)           
       
 
 
(        
      ) 
                                                    
 
 
(        
          
       
      )  
                                               
                                            
This shows that {        
      }   
  is convergent and we have  
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We show by contradiction that   is fixed point of   .  
Suppose that   is not a fixed point of  . Hence      and         must 
satisfy one of the conditions (i)-(iii). Now  
(i)                  , 
(ii)           
 
 
                   , 
(iii)           
 
 
                   . 
Since                  , it follows that none of the previous inequalities 
are satisfied. Therefore      and   is fixed point of  . 
 
To prove the uniqueness of  , assume that      and    . Then, as 
shown below, all three conditions of the hypothesis are contradicted. 
(i)                       . 
(ii)            
 
 
(               )  
 
 
(             )   . 
(iii)                 
 
 
(               ) 
                    
 
 
(             )            
                                                                       
                                                                           
 
The following corollary is Theorem 3.4 and is due to Edelstein. 
Corollary 3.14 ( [41], Theorem 1) Let       be a metric space and       a 
continuous function such that for each couple of different points     
 ,                 is satisfied. If for some     , the sequence { 
   }   
   
has a subsequence converging to   in  , then   is a unique fixed point of  . 
The next corollary is exactly Theorem 3.9, due to Singh. 
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Corollary 3.15 ( [63], Theorem 1) Let       be a metric space and       a 
continuous function such that for each couple of different points      , 
          
 
 
                  is satisfied. If for some     , the 
sequence {    }   
   has a subsequence converging to   in  , then   is a 
unique fixed point of  . 
Corollary 3.16 Let       be a metric space and       a continuous 
function such that for each couple of different points      ,          
 
 
                  is satisfied. If for some     , the sequence { 
   }   
   
has a subsequence converging to   in  , then   is a unique fixed point of  . 
Corollary 3.17 Let       be a metric space and       a continuous 
function such that for each couple of different points      ,          
       , where        is the mean value of the first three, the last four, the 
first one and the last two or all five (the choice may depend on    ) of the 
following numbers: 
                                      . 
If for some     , the sequence { 
   }   
   has a subsequence converging to 
  in  , then   is a unique fixed point of  . 
Theorem 3.4 can be improved as follows. 
Theorem 3.14 ( [64], Theorem 5) Let       be a metric space and       a 
function such that for each couple of different points      , at least one of 
the following  conditions is satisfied. 
(i)                , 
(ii)          
 
 
                 , 
(iii)          
 
 
                 . 
If for some     , the sequence { 
   }   
  has a subsequence converging to 
  in  , and   is continuous at   in   and at   , then   is a unique fixed point of 
 . 
Proof. Let {     }   
  be a subsequence of the sequence{    }   
  such that 
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      . 
Since   is continuous at   and at   , it follows that 
       
          and        
        
  . 
Now, the remaining arguments as used in Theorem 3.4 apply    
Corollary 3.18 Let       be a metric space and       a function such that 
for each couple of different points      ,                . If for some 
    , the sequence { 
   }   
  has a subsequence converging to   in  , and 
  is continuous at   in   and at   , then   is a unique fixed point of  . 
Corollary 3.19 Let       be a metric space and       a function such that 
for each couple of different points      ,          
 
 
                 . 
If for some     , the sequence { 
   }   
  has a limit point   in  , and   is 
continuous at   in   and at   , then   is a unique fixed point of  . 
Corollary 3.20 Let       be a metric space and       a function such that 
for each couple of different points      ,          
 
 
                 . 
If for some     , the sequence { 
   }   
  has a subsequence converging to 
  in  , and   is continuous at   in   and at   , then   is a unique fixed point of 
 . 
Corollary 3.21 Let       be a metric space and       a function such that 
for each couple of different points      ,                 , where        
is the mean value of the first three, the last four, the first one and the last two 
or all five (the choice may depend on    ) of the following numbers: 
                                      . 
If for some     , the sequence { 
   }   
  has a subsequence converging to 
  in  , and   is continuous at   in   and at   , then   is a unique fixed point of 
 . 
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3.5 Nonspreading mappings 
 
Definition 3.1 (Nonspreading mappings for Banach spaces) Let   be a 
smooth, strictly convex and reflexive Banach space, let   be the normalized 
duality mapping from   into   
 
, and let   be a nonempty closed convex 
subset of  . Then a mapping       is said to be nonspreading if  
                                  for all      ,                  (d.3.1.1) 
where        ‖ ‖   〈    〉  ‖ ‖  for all      .                          (d.3.1.2)  
 
Since   is a smooth reflexive Banach space, it follows from Theorem 1.27 that 
   is strictly convex. Therefore, by Theorem 1.28, we have that   is single 
valued. Hence (d.3.1.2) is well defined. 
In 2008, Kohsaka and Takahashi in [13] introduced the class of nonspreading 
mappings for Banach spaces. They considered such mappings to study the 
resolvents of maximal monotone operators on Banach spaces.  
Theorem 3.15 ( [13], Theorem 4.1) Let   be a smooth, strictly convex and 
reflexive Banach space, let   be a nonempty closed convex subset of   and 
let   be a nonspreading mapping from   into itself. Then the following 
statements are equivalent. 
(i) There exists     such that {   } is bounded; 
(ii)   has at least one fixed point. 
Proof. We first show that (i) implies (ii). 
Suppose that there exists     such that {   } is bounded. Let    , 
    { } and    .  
From the definition of  , we have 
  〈         〉   〈    〉   〈    〉   〈    〉   〈    〉 
                                                         for all        .            (3.15.1) 
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Since   is a nonspreading mapping, it follows from (d.3.1.1) and (3.15.1) that  
                                                   
                                    
                                  
                                                〈               〉            
for all      . Hence  
                                 〈               〉              
for all      . 
Taking the sum of these inequalities with   varying from   to    , we get  
                              〈∑                       〉 for all 
     . 
Let       
 
 
∑           for all    . Since   is convex and   maps   into 
itself, it follows that         for all    . The previous inequality implies that 
          
 
 
(                 )   〈                〉 for all           
  . Since, by assumption, {   } is bounded for some    , we have that 
{      } is also bounded. Since   is reflexive, every bounded sequence in   
has a subsequence which converges weakly to some point in   ( [4], Theorem 
1.9.26). Thus there is a subsequence {       } of {      } such that 
           . Hence    , by Proposition 1.4. Now,  
           
    
        
 
  
                    
  〈                 〉  
          〈           〉                            
Putting     in the previous inequality, we get 
           〈           〉.                                                        (3.15.2) 
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For all          , we have 
  〈         〉                             . We get from this ide- 
ntity and (3.15.2) that 
             〈           〉   
         (                               )                                 
                                                                                                                                  
Hence we have          . Since         ‖ ‖  ‖ ‖     for all       
(see [13], pp. 168), this implies that          .  
We show by contradiction that     . Suppose that     . Since   is 
strictly convex, it follows from Theorem 1.28 that        .  
Hence we have from the definition of   that ‖ ‖  ‖  ‖ .                    (3.15.3)                                                                                             
We have by Definition 1.24 that  
        ‖ ‖   〈    〉  ‖  ‖  ‖ ‖   ‖ ‖  ‖  ‖   . 
Hence ‖ ‖  ‖  ‖ . This contradicts (3.15.3). Therefore      and   has a 
fixed point. 
 
We prove that (ii) implies (i) 
If   has at least one fixed point  , then {       }  { }. So {   } is 
bounded    
 
Since in the case of a Hilbert space  , we have by Example 1.9 that    { } 
for all    , hence        ‖   ‖  for all      . This motivates the 
following definition, which is a special case of Definition 3.1. 
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Definition 3.2 (Nonspreading mappings for Hilbert spaces) Let   be a 
closed convex subset of a Hilbert space    A mapping       is said to be 
nonspreading if  
  ‖     ‖  ‖    ‖  ‖    ‖  for all      . 
The following is an immediate consequence of Theorem 3.15. 
Corollary 3.22 ( [13], Corollary 4.4) Let   be a Hilbert space, let   be a 
nonempty closed convex subset of   and let   be a nonspreading mapping 
from   into itself, i.e. 
 ‖     ‖  ‖    ‖  ‖    ‖  for all      . 
Then the following are equivalent: 
(i) There exists     such that {   } is bounded; 
(ii) The mapping   has at least one fixed point. 
 
The results which will be proved in this part concern the classes of nonlinear 
mappings which will be defined next. The authors of these results might have 
restricted  themselves to the case of mappings defined on Hilbert spaces to 
avoid technical complications in the presentation of the results and proofs, 
more essentially, because many of the theorems are valid for a few classes of 
Banach spaces including Hilbert spaces, for instance, the class of Banach 
spaces having a weakly continuous duality mapping (see [65], [66], [67]). 
The previous type of mapping can be deduced from the firmly nonexpansive 
mappings in Hilbert space, as the next proposition shows. 
Proposition 3.2 ( [14], pp. 81-82) Let   be a closed convex subset of a 
Hilbert space   and let       be a firmly nonexpansive mapping, i.e. 
‖     ‖  〈         〉 for all      . Then we have that 
(i)   is a nonspreading mapping,  
     i.e.  ‖     ‖  ‖    ‖  ‖    ‖  for all      . 
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(ii) ‖     ‖  ‖   ‖  〈         〉 for all      . 
Proof. (i) From the identity  
 〈       〉  ‖   ‖  ‖   ‖  ‖   ‖  ‖   ‖  for all         
 ,  
we have  〈         〉  ‖    ‖  ‖    ‖  ‖    ‖  ‖    ‖  
for all                                                                                               (p.3.2.1) 
Since   is a firmly nonexpansive mapping,  ‖     ‖   〈         〉 
for all      , we get from (p.3.2.1) that  
 ‖     ‖  ‖    ‖  ‖    ‖  ‖    ‖  ‖    ‖  
 ‖    ‖  ‖    ‖                                                      
for all      . 
 
(ii) From the identities 
‖     ‖  ‖           ‖  ‖   ‖   〈         〉 and  
‖           ‖  ‖    ‖  ‖    ‖   〈         〉               
for all      , and the fact that   is a firmly nonexpansive mapping, we get 
that  
 ‖     ‖   〈         〉  
  〈         〉   〈         〉                          
 ‖     ‖  ‖           ‖                            
 ‖   ‖   〈         〉                              
Since  ‖           ‖  ‖     ‖  ‖   ‖   〈         〉 
                                                          ‖    ‖  ‖    ‖   〈         〉   
we have  
Chapter III 
Nelson Mandela Metropolitan University  109 
 
‖     ‖  ‖   ‖  ‖    ‖  ‖    ‖    and hence  
 ‖     ‖  ‖     ‖  ‖           ‖  ‖   ‖  ‖     ‖  
                  ‖   ‖  ‖    ‖  ‖    ‖   〈         〉  
Therefore 
  ‖     ‖   ‖     ‖   ‖   ‖   〈         〉 
                                 ‖    ‖  ‖    ‖  ‖           ‖    
  ‖     ‖   ‖   ‖   〈         〉     
Hence  ‖     ‖   ‖   ‖   〈         〉 and 
‖     ‖  ‖   ‖  〈         〉 for all      .    
 
Proposition 3.2 motivates the following type of mapping found in [14]. 
Definition 3.3 (Hybrid mappings) Let   be a closed convex subset of a 
Hilbert space    A mapping       is said to be hybrid if  
 ‖     ‖  ‖   ‖  〈         〉 for all      . 
Theorem 3.16 ( [14], Theorem 4.3) Let   be Hilbert space, let   be a 
nonempty closed convex subset of   and let   be a hybrid mapping from   
into itself. Then the following are equivalent: 
(i) There exists     such that {   } is bounded; 
(ii) The mapping   has at least one fixed point. 
Proof. We prove that if there exists     such that {   } is bounded, then 
the mapping   has at least one fixed point. 
Fix    . For any     and     { }, we have that  
 ‖        ‖   ‖     ‖   〈              〉 
    ‖     ‖  ‖      ‖  ‖       ‖  
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 ‖     ‖  ‖        ‖                  
  ‖      ‖   〈           〉              
           ‖    ‖  ‖      ‖  ‖       ‖   
 ‖     ‖  ‖        ‖             
We obtain from this, after rearranging the terms, that  
 ‖        ‖   ‖      ‖   〈           〉   ‖    ‖  
                                         ‖       ‖  ‖     ‖   
Taking the sum of the previous inequalities with   varying from   to    , we 
get  
 ‖      ‖   ‖    ‖   〈∑   
   
   
         〉    ‖    ‖  
  ‖     ‖   ‖   ‖                                            
Let       
 
 
∑          . Observe that         for all     and    . Then 
the previous inequality implies that  
 
 
‖      ‖  
 
 
‖    ‖   〈             〉   ‖    ‖
  
   
 
 
‖     ‖  
 
 
‖   ‖                                   
Since {   } is bounded for some     by assumption, it follows that {     } 
must be also bounded. Since   is reflexive, every bounded sequence in   
has a subsequence which converges weakly to some point in   ( [4], 
Theorem 1.9.26). Thus there is a subsequence {      } of {     } such that 
          . Hence    , by Proposition 1.4. Now,  
     
    
 
  
‖       ‖     
    
 
  
‖    ‖   〈    
    
              〉 
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 ‖    ‖     
    
 
  
‖      ‖     
    
 
  
‖   ‖    
                ‖    ‖   〈         〉   
Letting    , we get  
   ‖    ‖   〈         〉   ‖    ‖   ‖    ‖  
  ‖    ‖ . So we have ‖    ‖    and hence     . Therefore   is a 
fixed point of  . 
 
We finally prove that if the mapping   has at least one fixed point, then there 
exists     such that {   } is bounded. 
If the mapping   has at least one fixed point  , then {       }  { }. So 
{   } is bounded    
3.6 Fixed point theorems for generalized hybrid mappings in Hilbert 
spaces 
 
In this section, we consider some fixed point theorems of classes of nonlinear 
mappings called generalized hybrid mappings, found in [17]. They contain the 
classes of nonexpansive mappings, nonspreading mappings and hybrid 
mappings on a Hilbert space.  
Definition 3.4 (Generalized hybrid mapping or      -generalized hybrid 
mapping) Let   be a closed convex subset of a Hilbert space    A mapping 
      is said to be      -generalized hybrid if there exist       such that     
 ‖     ‖       ‖    ‖   ‖    ‖       ‖   ‖  
for all      . 
Proposition 3.3 ( [17], Theorem 4.1) Let   be a Hilbert space,   be a 
nonempty closed convex subset of   and let   be a mapping of   into itself. 
Suppose that there exists an element     such that {   } is bounded and  
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  ‖ 
     ‖    ‖ 
    ‖  for all     and 
for some Banach limit  . Then   has a fixed point in  . 
Proof. Using the Banach limit   on   , define           ‖ 
    ‖ . 
From Lemma 1.3, there exists a unique      such that 
          {        }. 
We have from the assumption that  
         ‖ 
      ‖
    ‖ 
     ‖
       . 
Since       and    is the unique element for which  
         {        }, it follows that       . 
Therefore   has a fixed point in      
Theorem 3.17 ( [19], Theorem 3.1) Let   be a nonempty closed convex 
susbset of a Hilbert space   and let       be an      -generalized hybrid, 
i.e. there exist       such that     
 ‖     ‖       ‖    ‖   ‖    ‖       ‖   ‖  
for all      . 
Then   has a fixed point in   if and only if {             } is bounded for 
some      
Proof. We first prove that if   has a fixed point in  , then {             } is 
bounded for some      
Since   is an      -generalized hybrid mapping, there exist       such that     
 ‖     ‖       ‖    ‖   ‖    ‖       ‖   ‖  
for all      . 
If   has at least one fixed point, then there exists     such that        for 
all    . So {   } is bounded. 
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We now prove if {   } is bounded for some point    , then   has a fixed 
point. 
Let     such that {   } is bounded. Let   be the Banach limit. Then for all 
    and     { }, we have  
 ‖        ‖       ‖      ‖   ‖       ‖       ‖     ‖  
for all    . 
Since {   } is bounded, we can apply a Banach limit   to both sides of the 
previous inequality, in order to obtain, by Lemma 1.3, that  
    ‖ 
       ‖       ‖      ‖   
                                            ‖ 
      ‖       ‖     ‖     
and thus  
   ‖ 
       ‖         ‖ 
     ‖     ‖ 
      ‖  
                                                                               ‖ 
    ‖  
for all    . 
This implies that  
   ‖ 
     ‖    ‖ 
    ‖  for all    . 
By Proposition 3.3,   must have a fixed point in      
Corollary 3.23 ( [19], Theorem 3.2) Let   be nonempty bounded closed 
convex subset of a Hilbert space  and let   be a generalized hybrid mapping 
from   into itself. Then   has a fixed point. 
Corollary 3.24 ( [19], Theorem 3.3) Let   be a Hilbert space and let   be 
nonempty closed convex subset of  . Let       be nonexpansive mapping, 
i.e. 
‖     ‖  ‖   ‖ for all      . 
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Suppose that there exists an element     such that {   } is bounded. Then 
  has a fixed point in  . 
Proof. Since a      -generalized hybrid mapping of   into itself is non- 
expansive, it follows from Theorem 3.17 that   has a fixed point in  .     
Remark 3.4 Since a      -generalized hybrid mapping of   into itself is non- 
spreading, it follows that Theorem 3.17 generalizes Corollary 3.22.  
Also, since a (
 
 
 
 
 
)-generalized hybrid mapping of   into itself is hybrid, it 
follows that Theorem 3.17 generalizes Theorem 3.16.  
The next type of mappings contains generalized hybrid mappings. 
3.7 Widely generalized hybrid mappings 
 
In this section we introduce a broad class of nonlinear mappings found in [68]. 
They cover the class of contractive mappings and the class of generalized 
hybrid mappings in a Hilbert space. Some fixed point theorems are also 
proved. 
Definition 3.5 (Widely generalized hybrid mappings) Let   be a closed 
convex subset of a Hilbert space    A mapping       is said to be an 
             -widely generalized hybrid mapping if there exist             
   with     such that    
 ‖     ‖   ‖    ‖   ‖    ‖   ‖   ‖  
    { ‖    ‖   ‖    ‖ }    for all      . 
Theorem 3.18 ( [68], Theorem 3.1) Let  a Hilbert space, let    be a 
nonempty, closed and convex subset of   and let   be an              - 
widely generalized hybrid mapping from   into itself which satisfies the 
following conditions (i) and (ii): 
(i)          ; 
(ii)         or        . 
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Then   has a fixed point if and only if there exists     such that {      
         } is bounded. In particular, a fixed point of   is unique in the case of 
          under the condition (i). 
Proof. Suppose that   has a fixed point  . We have that 
{               }  { }. Hence {               } is bounded. 
On the other hand suppose that there is     such that {               } 
is bounded. For any   { }    and    , since   is an              - 
widely generalized hybrid mapping from   into itself, it follows that   
 ‖         ‖   ‖       ‖   ‖      ‖   ‖     ‖  
    { ‖    ‖   ‖         ‖ }    for all      . 
By a standard argument, it follows easily that  
 ‖      ‖        ‖    ‖  ‖     ‖   〈          〉  
                                 ‖      ‖   
Also, we have  
 ‖    ‖     { ‖    ‖   ‖         ‖ }. 
Since, by (i), we have         , it follows by a standard argument that  
  ‖         ‖  ‖      ‖     ‖       ‖  ‖     ‖   
       〈          〉         ‖    ‖   . 
Applying the Banach limit on both sides of the previous inequality (since 
{               } is bounded), we get  
    ‖ 
        ‖    ‖    
  ‖       ‖   
    ‖    ‖   
  ‖   
         〈        
  〉           ‖    ‖
    and from this we 
obtain 
        〈        
  〉           ‖    ‖
   . 
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By Lemma 1.4, there exists     such that   〈    〉  〈   〉 for any    . 
Now,         〈        〉         ‖    ‖
   . 
Setting    , we get  
       ‖    ‖          〈      〉         ‖    ‖
   . 
If        , it follows that ‖    ‖    and     . Hence   has a fixed 
point. 
 
In the case of           under the condition (i), we show the unique- 
ness of the fixed point. 
If       are two fixed points of  , then 
 ‖       ‖
   ‖      ‖
   ‖      ‖
   ‖     ‖
  
    { ‖      ‖
   ‖      ‖
 }   ,  
i.e.           ‖     ‖
   .  
Hence ‖     ‖
    and      . Therefore the fixed point is unique. 
 
For the case        , we obtain the result by interchanging   and      
 
As a direct consequence of Theorem 3.18, we get the next result. 
Corollary 3.25 ( [68], Theorem 3.3)Let  a Hilbert space, let    be a 
nonempty, bounded, closed and convex subset of   and let   be an 
             - widely generalized hybrid mapping from   into itself which 
satisfies the following conditions (i) and (ii): 
(i)          ; 
(ii)         or        . 
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Then   has a fixed point. In particular, a fixed point of   is unique in the case 
of           under the condition (i). 
Since an              - widely generalized hybrid mapping with       
        is a contractive mapping, we get the Banach fixed point 
theorem in the case of a Hilbert space. 
Corollary 3.26 (The Banach Contraction Principle) ( [68], Theorem 3.4) Let 
  be a real Hilbert space and let   be a self-contractive mapping on  , i.e. 
there exists a real number   with       such that  
‖     ‖   ‖   ‖ for all      . 
Then   has a unique fixed point. 
Proof. Since we have  
‖   ‖  ‖ ‖  ‖     ‖ 
 ‖         ‖  ‖         ‖  ‖    ‖       
                ‖    ‖                                   
 
 
   
‖    ‖                                                                     
for all    . 
Therefore ‖   ‖  
 
   
‖    ‖  ‖ ‖ for all     and all    . 
Hence {               } is bounded for any    . Therefore   has a 
unique fixed point by Theorem 3.18    
Remark 3.5 Since an      -generalized self-mapping   on   is an      
                -widely generalized hybrid mapping and       
                     , Theorem 3.18 generalizes Theorem 
3.17. 
Example 3.4 ( [68], pp. 534) Let   be the real line and   be a mapping from   
into   defined by       for any    . 
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If we set                and      , we have that  
 ‖     ‖   ‖    ‖   ‖    ‖   ‖   ‖  
    { ‖    ‖   ‖    ‖ } 
 |     |   |    |   |    |   |   |     {       }   
          (       )
 
  (       )
 
    {       } 
             {       }    
for all      . 
Since {             }  { },             and          , 
it follows from Theorem 3.18 that   has a unique fixed point. 
Since ‖     ‖   |   |, it follows that   is not a contractive map. Observe 
that taking     and    , we have that for any real numbers   and  , 
 ‖     ‖       ‖    ‖   ‖    ‖       ‖   ‖  
                        
Thus   is not a generalized hybrid    
 
The next type of mapping, found in [19]  and introduced in this section, 
generalizes the generalized hybrid mappings. 
3.8. Super hybrid mappings 
 
Definition 3.6 (       -super hybrid mappings) Let   be a closed convex 
subset of a Hilbert space    A mapping       is said to be        -super 
hybrid if there exist          with     such that     
 ‖     ‖         ‖    ‖            ‖    ‖  
               ‖   ‖        ‖    ‖   ‖    ‖  
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for all      . 
Proposition 3.4 ( [19], Theorem 3.7) Let   be a nonempty closed convex 
susbset of a Hilbert space   and let         with    . If a mapping  
      is        -super hybrid, then the mapping  
 
   
  
 
   
  is an        -
generalized hybrid mapping of   into itself. 
Proof. Let   
 
   
, where     with    . Hence     and and let      
      . 
Set      ‖     ‖       ‖    ‖   ‖    ‖       ‖   ‖ . 
Since            , we have  
    ‖                   ‖       ‖                  ‖  
  ‖                  ‖       ‖   ‖  
for all      . 
Since for       and    , we have that  
‖         ‖        ‖   ‖   ‖ ‖       ‖ ‖ , 
and hence 
    { ‖     ‖       ‖   ‖        ‖         ‖ } 
      { ‖    ‖       ‖   ‖        ‖    ‖ } 
  { ‖    ‖       ‖   ‖        ‖    ‖ }       ‖   ‖  
   { ‖     ‖   ‖   ‖        ‖         ‖ }       
      { ‖    ‖   ‖   ‖        ‖    ‖ } 
  { ‖    ‖   ‖   ‖        ‖    ‖ }  
Hence 
       {‖     ‖  ‖   ‖       ‖         ‖ } 
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      {‖    ‖  ‖   ‖       ‖    ‖ } 
  {‖    ‖  ‖   ‖       ‖    ‖ } 
   ‖     ‖       ‖    ‖   ‖    ‖       ‖   ‖  
                     ‖    ‖            ‖    ‖ 
       ‖         ‖   
Dividing by  , we get from          that 
            ‖     ‖            ‖    ‖  
       ‖    ‖            ‖   ‖  
              ‖    ‖        ‖    ‖         ‖         ‖   
Since for          , we have  
‖       ‖  ‖   ‖  ‖   ‖   〈       〉 
   ‖   ‖  ‖   ‖  ‖   ‖  ‖   ‖  
 ‖   ‖  ‖   ‖   
it follows that   
‖         ‖  ‖     ‖  ‖   ‖   〈         〉 
 ‖     ‖  ‖   ‖  ‖    ‖  ‖    ‖  ‖    ‖  ‖    ‖   
Then we get that 
       ‖     ‖  {       }‖    ‖  
 {        }‖    ‖  {            }‖   ‖             
        ‖    ‖   ‖    ‖      
Since      , implies that    , it follows by a standard argument that  
 
   
  
 
   
  is an        -generalized hybrid mapping of   into itself    
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Theorem 3.19 ( [19], Theorem 3.8) Let   be a nonempty bonded closed 
convex subset of a Hilbert space   and let         with    . Let        
be an        -super hybrid mapping and suppose that   is bounded. Then   
has a fixed point in  . 
Proof. Since       be an        -super hybrid mapping, we get from 
Proposition 3.4 that the mapping  
  
 
   
  
 
   
      
is an      -generalized hybrid mapping. By Corollary 3.23,   has a fixed point 
in  . Thus      if and only if      (the fixed points of   and   coincide) 
implies that    has a fixed point in      
3.9 Widely more generalized hybrid mapping 
 
The next type of mapping, found in [69], generalizes the generalized hybrid 
mappings. 
Definition 3.7 (Widely more generalized hybrid mapping) Let  be a 
Hilbert space, let    be a nonempty, bounded, closed and convex subset of  . 
A mapping    from   into   is said to be an                - widely more 
generalized hybrid mapping if there exist                 such that  
 ‖     ‖   ‖    ‖   ‖    ‖   ‖   ‖   ‖    ‖  
  ‖    ‖   ‖             ‖   . 
Theorem 3.20 ( [69], Theorem 3.1) Let  be a real Hilbert space, let    be a 
nonempty, closed and convex subset of  , and let   be an                - 
widely more generalized hybrid mapping from   into itself. 
Suppose that   satisfies the following condition (i) or (ii): 
(i)          ,            and      ; 
(ii)          ,            and       . 
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Then   has a fixed point if and only if there exists     such that {      
         } is bounded. In particular, a fixed point of   is unique in the case of 
          under the condition (i) and (ii). 
Proof. Suppose that   is a fixed point of  . We have that 
 {               }  { }. Therefore {               } is bounded. 
On the other hand, suppose that there exists     such that {      
         } is bounded. For any   { }    and    , since   is an 
               - widely more generalized hybrid mapping from   into itself, it 
follows that   
 ‖        ‖   ‖       ‖   ‖      ‖   ‖     ‖  
  ‖    ‖   ‖         ‖   ‖                  ‖   .(3.20.1) 
By a standard argument, we get  
‖                  ‖  
     ‖    ‖  ‖         ‖   〈              〉 
     ‖    ‖  ‖         ‖  ‖     ‖  ‖        ‖                  
          ‖       ‖  ‖      ‖ .                                                       (3.20.2) 
Using (3.20.2) and (3.20.1), we get  
     ‖        ‖       ‖       ‖       ‖      ‖  
      ‖     ‖       ‖    ‖        ‖         ‖     
Since  
     ‖      ‖        ‖    ‖  ‖     ‖   〈          〉  
      ‖      ‖ ,  
it follows that 
     ‖        ‖       ‖       ‖  
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       ‖    ‖  ‖     ‖   〈          〉       ‖      ‖  
      ‖     ‖       ‖    ‖        ‖         ‖    (3.20.3) 
After rearranging the terms in (3.20.3), we get that 
      ‖        ‖  ‖      ‖        ‖       ‖  
       〈          〉           ‖     ‖         
  ‖    ‖   
       ‖         ‖     
Since          , we get that                        
   . 
From                and      , we get that  
      ‖        ‖  ‖      ‖         ‖       ‖  ‖     ‖   
       〈          〉           ‖    ‖                                
Applying the Banach limit   to both sides of the previous inequality (since 
{            } is bounded), we get that  
        ‖    
    ‖    ‖    
  ‖   
         ‖   
    ‖    ‖   
  ‖           〈        
  〉 
            ‖    ‖
     
Thus  
         〈        
  〉           ‖    ‖   .             (3.20.4) 
By Lemma 1.4, there exists     such that   〈   
  〉  〈   〉 for any    . 
Hence (3.20.4) becomes 
        〈        〉           ‖    ‖     
Setting    , we get that  
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       〈        〉           ‖    ‖   
       〈      〉           ‖    ‖  
          ‖    ‖                                
Since            , it follows that ‖    ‖   . Hence      and   
is a fixed point of  . 
For the uniqueness of the fixed point in the case when          , let 
   and    be two fixed points of  . Then we have 
 ‖       ‖
   ‖      ‖
   ‖      ‖
   ‖     ‖
   ‖      ‖
  
  ‖      ‖
   ‖                 ‖
  
                                       ‖     ‖
   . 
Hence ‖     ‖
    and      . Therefore the fixed point of   is unique. 
When          ,            and      , we follow the 
same steps by interchanging   and      
 
The next result is a direct consequence of Theorem 3.20. 
Corollary 3.27 Let  be a real Hilbert space, let    be a nonempty, bounded, 
closed and convex subset of   and let   be an                - widely more 
generalized hybrid mapping from   into itself which satisfies the following 
condition (i) or (ii): 
(i)          ,            and      ; 
(ii)          ,            and      . 
Then   has a fixed point. In particular, a fixed point of   is unique in the case 
of           under the conditions (i) and (ii). 
The following proposition can be found in the proof of Theorem 3.3 [69]. 
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Proposition 3.5 ( [69], Theorem 3.3) Let  be a real Hilbert space, let    be a 
nonempty, closed and convex subset of   and let   be an                - 
widely more generalized hybrid mapping. Then             is a widely 
more generalized hybrid mapping.  
Proof. Let            . 
Then   is a mapping from   into  . Since    , we get  
  
 
   
  
 
   
 . 
Using the fact that for all       and    , we have (by Lemma 1.1) 
‖         ‖        ‖   ‖   ‖ ‖       ‖ ‖  
and   is an                - widely more generalized hybrid mapping, we get  
 ‖     ‖   ‖    ‖   ‖    ‖   ‖   ‖   ‖    ‖  
  ‖    ‖   ‖             ‖  
  ‖
 
   
   
 
   
   (
 
   
   
 
   
  )‖
 
 
     ‖  (
 
   
   
 
   
  )‖
 
  ‖
 
   
   
 
   
    ‖
 
  ‖   ‖  
  ‖  (
 
   
   
 
   
  )‖
 
  ‖  (
 
   
   
 
   
  )‖
 
                     
  ‖(  (
 
   
   
 
   
  ))  (  (
 
   
   
 
   
  ))‖
 
                 
  ‖
 
   
        
 
   
     ‖
 
  ‖
 
   
       
 
   
     ‖
 
      
  ‖
 
   
       
 
   
     ‖
 
  ‖   ‖   ‖
 
   
      ‖
 
 
  ‖
 
   
      ‖
 
  ‖
 
   
       
 
   
      ‖
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‖     ‖  
 
   
‖    ‖  
 
   
‖    ‖  
 ( 
 
   
         )‖   ‖  
      
      
‖    ‖                                
 
      
      
‖    ‖  
      
      
‖           ‖                                  
Hence   is an (
 
   
 
 
   
 
 
   
 ( 
 
   
         )  
      
      
 
      
      
 
      
      
)-wid- 
ely more generalized hybrid mapping     
Theorem 3.21 ( [69], Theorem 3.3) Let  be a real Hilbert space, let    be a 
nonempty, bounded, closed and convex subset of   and let   be an 
               - widely more generalized hybrid mapping from   into itself 
which satisfies the following condition (i) or (ii): 
(i)          ,            and [     {             
 }   ; 
(ii)          ,            and [     {             
 }   . 
Then   has a fixed point. In particular, a fixed point of   is unique in the case 
of           under the conditions (i) and (ii). 
Proof. Define            , where   [     {              }  
 . Since   is convex, S is a mapping from   into itself. Since   is bounded, 
we have that {               } is also bounded for any    . Since    , 
it follows that      if and only if     , i.e. the fixed points of   and   
coincide. 
Now, 
  is an (
 
   
 
 
   
 
 
   
 ( 
 
   
         )  
      
      
 
      
      
 
      
      
)- widely 
more generalized hybrid mapping by Proposition 3.5. 
Case 1: Suppose that          ,           ,           
and 
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 [     {              }     
Let   [     {              }. We get 
 
   
 
 
   
 
 
   
 ( 
 
   
         )             
 
   
 
 
   
 
      
      
 
      
      
 
       
      
    
 
   
 
 
   
 
      
      
 
      
      
 
       
      
    
      
      
 
      
      
 
          
      
    
By Theorem 3.20, we get that   at least one fixed point in  . Since the fixed 
points of   and   coincide, it follows that   has at least one fixed point in  . 
 
Suppose that           and let       such that       ,       . 
Then    and    are fixed points of   . 
Now, 
 ‖       ‖
   ‖      ‖
   ‖      ‖
   ‖     ‖
   ‖      ‖
  
  ‖      ‖
   ‖                 ‖
  
  ‖     ‖
   ‖     ‖
   ‖     ‖
   ‖     ‖
   ‖     ‖
  
  ‖     ‖
   ‖               ‖
  
          ‖     ‖
   . 
We have that ‖     ‖
    and hence      , which is a contradiction and 
therefore the fixed point of   must be unique. 
Case 2: Suppose that          ,           ,         
and [     {              }   . We follow a similar argument to 
case 1 by interchanging   and   in the proof given above    
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The following known result shows that widely more generalized hybrid 
mappings contains all widely generalized hybrid mappings. 
 
Corollary 3.28 ( [69], Theorem 4.3) Let  a Hilbert space, let    be a 
nonempty, closed and convex subset of   and let   be an              - 
widely generalized hybrid mapping from   into itself which satisfies the 
following conditions (i) and (ii): 
(i)           and         
(ii)           and        . 
Then   has a fixed point if and only if there exits     such that {      
         } is bounded. In particular, a fixed point of   is unique in the case of 
          under the condition (i). 
Proof. Since   is an              - widely generalized hybrid mapping, and 
there exist                with     such that    
 ‖     ‖   ‖    ‖   ‖    ‖   ‖   ‖  
    { ‖    ‖   ‖    ‖ }    
for all      , it follows from the facts         and  
 ‖    ‖     { ‖    ‖   ‖    ‖ }, that  
  ‖     ‖   ‖    ‖   ‖    ‖   ‖   ‖   ‖    ‖     
Hence it is an                - widely more generalized hybrid mapping. In 
addition, we have that          ,         and      . Hence 
the condition (i) in Theorem 3.20 is satisfied. By Theorem 3.20, the corollary is 
proved    
 
Since a super generalized hybrid mapping is a widely more generalized hybrid 
mapping, we get the next corollary. 
Corollary 3.29 ( [69], Theorem 4.5) Let   be a real Hilbert space, let   be a 
bounded closed convex subset of   and let   be a super generalzed hybrid 
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mapping from   into itself, that is, there exist real  numbers     and    such 
that  
 ‖     ‖         ‖    ‖  
           ‖    ‖                ‖   ‖  
       ‖    ‖   ‖    ‖                                          
for all      .  
Suppose that       or    . Then   has a fixed point. 
 
Proof. An        -super generalized hybrid mapping is an             
                                  -widely more generalized 
hybrid mapping. In addition, 
                                           
and                     .  
Furthermore, we have  
    ]  {  (             )               } 
     ]  {                 }  
If      , then  
    ]  {                 }      ]  {            } 
                                                      {
    ]                 
[
 
   
  )       
 
                       
Hence condition three of (ii) in Theorem 3.21 is satisfied. 
If      , then  
    ]  {                 }      ]   . Hence condition three of (ii) 
in Theorem 3.21 is satisfied. 
If       and    , then  
    ]  {                 }      ]  {            }  [  
 
   
]  
 . Hence condition three of (ii) in Theorem 3.21 is satisfied. Therefore by 
Theorem 3.21, the corollary is proved    
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Remark 3.6 
(i) An                - widely more generalized hybrid mapping   with 
                and        is a contractive map- 
ping. Then using Theorem 3.20, we can show the Corollary 3.26. 
(ii) Theorem 3.20 generalizes Theorem 3.17, because an      -
generalized hybrid mapping   from   into itself is an      
                  - widely more generalized hybrid mapping. In 
addition                      
                and        , i.e. it satisfies the 
condition (2) in Theorem 3.20. 
(iii) An                - widely more generalized hybrid mapping   with 
             ,      and           ] is a strict 
pseudocontractive mapping. Therefore Theorem 3.21 generalizes 
Theorem 3.25. 
3.10. Fixed point theorems for symmetric generalized hybrid in Hilbert 
spaces and applications 
 
In this section, we look at fixed point theorems of a class of nonlinear 
mappings in Hilbert spaces found in [70], which covers nonexpansive 
mappings, nonspreading mappings, hybrid mappings and contractive 
mappings. 
Definition 3.8 (Symmetric generalized hybrid or          -symmetric 
generalized hybrid) Let   be a real Hilbert space and let   be a nonempty 
closed convex subset of  . A mapping   from   into   is called a symmetric 
generalized hybrid mapping if there exist           such that  
 ‖     ‖    ‖    ‖  ‖    ‖    ‖   ‖    ‖    ‖  
‖    ‖     for all      . 
Remark 3.7 
(i) Setting           and     , we get that   is nonexpansive. 
(ii) Setting                 , we get that   is nonspreading. 
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(iii) Setting               , we get that   is hybrid. 
 
Proposition 3.6 ( [18], pp. 1599-1600) Every              -widely 
generalized hybrid mapping is an          -symmetric generalized hybrid 
mapping. 
Proof. Let   be a nonemepty subset of a real Hilbert space   and let  
      be an              -symmetric generalized hybrid mapping, i.e. 
there exist               such that  
 ‖     ‖   ‖    ‖   ‖    ‖   ‖   ‖  
      ‖    ‖   ‖    ‖     for all      .                               (p.3.6.1) 
Interchanging   and   in (p.3.6.1), we get 
 ‖     ‖   ‖    ‖   ‖    ‖   ‖   ‖             
      ‖    ‖   ‖    ‖                                                           (p.3.6.2) 
From (p.3.6.1) and (p.3.6.2), we get  
  ‖     ‖        ‖    ‖  ‖    ‖     ‖   ‖  
      ‖    ‖   ‖    ‖        ‖    ‖   ‖    ‖    .   (p.3.6.3)     
Since  ‖    ‖   ‖    ‖       ‖    ‖   ‖    ‖  , it follows that  
 ‖    ‖   ‖    ‖        ‖    ‖   ‖    ‖                    (p.3.6.4) 
Similarly,  
 ‖    ‖   ‖    ‖        ‖    ‖   ‖    ‖                    (p.3.6.5) 
Hence, we have from (p.3.6.3), (p.3.6.4) and (p.3.6.5) that  
  ‖     ‖        ‖    ‖  ‖    ‖     ‖   ‖  
 
 
 
      ‖    ‖  ‖    ‖     for all      . 
Therefore   is a symmetric (            
 
 
     ) generalized hybrid 
mapping    
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Theorem 3.22 ( [18], Theorem 3.1) Let   be a real Hilbert space, let   be a 
nonempty closed convex subset of   and let   be an          -symmetric 
generalized hybrid mapping from   into itself such that the conditions 
(i)         , 
(ii)        , 
(iii)     
hold. Then   has a fixed point if and only if there exists     such that 
{             } is bounded. In particular, a fixed point of   is unique if 
         as in condition (i). 
Proof. We first prove that if   has a fixed point  , then {             } is 
bounded. 
Suppose that   has a fixed point  . Then {             }  { } and hence 
 {             } is bounded. 
We now prove that if {             } is bounded for some    , then   
has a fixed point. 
Since   is an          -symmetric generalized hybrid mapping of   into itself, 
it follows that there exist           such that  
 ‖        ‖    ‖       ‖  ‖      ‖    ‖     ‖  
   ‖    ‖  ‖         ‖     for all     and   { }   .      (3.22.1)       
Since {             } is bounded for some    , we can apply the Banach 
limit   to both sides of the inequality.  
Since   ‖    
  ‖    ‖    
    ‖  and  
  ‖   
    ‖    ‖   
  ‖ (by definition of  ), it follows from (3.22.1) that  
       ‖    
  ‖         ‖   
  ‖        
     ‖    ‖    ‖ 
        ‖    .                                             (3.22.2) 
In addition, since  
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  ‖    
  ‖  ‖    ‖     〈        
  〉    ‖   
  ‖ , it follows 
from (3.22.2) that  
       ‖    ‖          〈        
  〉             
           ‖   
  ‖     ‖ 
        ‖    for all     and  
  { }   . 
By conditions (i), (ii) and Theorem 1.2, we have that          and     
and hence  
       ‖    ‖          〈        
  〉   . 
By Lemma 1.4, there exists     such that 
  〈   
  〉  〈   〉 for all     and thus  
       ‖    ‖        〈        〉   . 
Since   is closed and convex, we have that  
    ̅̅̅{       }   .  
Putting    , we get  
       ‖    ‖         ‖    ‖        〈        〉     
By (ii), we get that ‖    ‖    and therefore ‖    ‖    and    
 .Hence   has a fixed point. 
Suppose that          and let   and    be fixed points of  , then we 
have that 
 ‖       ‖
    ‖      ‖
  ‖      ‖
    ‖     ‖
  
   ‖      ‖
  ‖      ‖
     implies that  
 ‖     ‖
    ‖     ‖
  ‖     ‖
    ‖     ‖
  
   ‖     ‖
  ‖     ‖
    , 
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and hence         ‖     ‖
   . Since            , it follows that 
‖     ‖
    and therefore      . Hence if         , then the fixed 
point of   is unique    
 
The following result is a direct consequence of Theorem 3.22. 
Corollary 3.30 ( [18], Theorem 3.2) Let   be a real Hilbert space, let   be a 
nonempty bounded closed convex subset of   and let   be an          -
symmetric generalized hybrid mapping from   into itself such that the 
conditions 
(i)         , 
(ii)        , 
(iii)     
hold. Then   has a fixed point. In particular, a fixed point of   is unique in the 
case          on condition (i). 
The next class of mappings called symmetric more generalized hybrid found 
in [70], contains symmetric generalized hybrid mappings.  
3.11 Symmetric more generalized hybrid mappings 
 
Definition 3.9 (Symmetric more generalized hybrid or            -
symmetric more generalized hybrid mappings) Let   be a real Hilbert 
space and let   be a nonempty closed convex subset of  . A mapping   from 
  into   is called symmetric more generalized hybrid if there exist           
  such that  
 ‖     ‖    ‖    ‖  ‖    ‖    ‖   ‖    ‖    ‖  
‖    ‖    ‖           ‖    for all      . 
The next theorem is a generalization of Theorem 3.22, which is needed in 
proving it. 
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Theorem 3.23 ( [18], Theorem 3.3) Let   be a real Hilbert space, let   be a 
nonempty closed convex subset of   and let   be an            -symmetric 
more generalized hybrid mapping from   into itself such that conditions 
(i)         , 
(ii)          , 
(iii)       
hold. Then   has a fixed point if and only if there exists     such that 
{             } is bounded. In particular, a fixed point of   is unique if 
         in condition (i).  
Proof. Since, by a standard argument, 
 ‖           ‖  ‖    ‖  ‖    ‖  ‖    ‖  ‖    ‖   
 ‖   ‖  ‖     ‖  for all      , 
and   is an            -symmetric more generalized hybrid mapping,  
it follows that 
     ‖     ‖        ‖    ‖  ‖    ‖        ‖   ‖  
           ‖    ‖  ‖    ‖   
  ‖     ‖    ‖    ‖  ‖    ‖    ‖   ‖  
       ‖    ‖  ‖    ‖   
        ‖     ‖   ‖    ‖  ‖    ‖   ‖   ‖  
       ‖    ‖  ‖    ‖    
  ‖     ‖    ‖    ‖  ‖    ‖    ‖   ‖  
      ‖    ‖  ‖    ‖     ‖           ‖     
for all      . 
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Since                             and             
               , it follows that conditions (i) and (ii) hold. In 
addition, since        , we get the desired result from Theorem 3.22    
 
The following result is a direct consequence of Theorem 3.23. 
Corollary 3.31 ( [18], Theorem 3.4) Let   be a real Hilbert space, let   be a 
nonempty bounded closed convex subset of   and let   be an            -
symmetric more generalized hybrid mapping from   into itself such that 
conditions 
(i)         , 
(ii)          , 
(iii)       
hold. Then   has a fixed point. In particular, a fixed point of   is unique if 
         in condition (i). 
The following theorem is an extension of the Corollary 3.31. 
Theorem 3.24 ( [18], Theorem 3.5) Let   be a real Hilbert space, let   be a 
nonempty bounded closed convex subset of   and let   be an            -
symmetric more generalized hybrid mapping from   into itself such that the 
following conditions hold: 
(i)         , 
(ii)          , 
(iii)  there exists   [     such that             . 
Then   has a fixed. In particular, a fixed point of   is unique if          
in condition (i). 
Proof. Since   is an            -symmetric more generalized hybrid map- 
ping, it follows that there exist           such that  
 ‖        ‖    ‖       ‖  ‖      ‖    ‖     ‖  
  ‖    ‖  ‖         ‖    ‖                ‖    for all     
and all   { }   . 
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Let   [     {              } and let             . Since   is 
convex, it follows that   is a map of   into itself. 
Since   is bounded, {             } is also bounded for any    . Since 
   , it follows that      if and only if     , i.e. the fixed points of   and   
coincide. 
Observe that   
 
   
  
 
   
  
Using the fact that for all       and    , we have ( by Lemma 1.1) that 
‖         ‖        ‖   ‖   ‖ ‖       ‖ ‖  
and   is an              - symmetric more generalized hybrid mapping, we 
get  
 ‖     ‖    ‖    ‖  ‖    ‖    ‖   ‖  
     ‖    ‖  ‖    ‖    ‖           ‖  
  ‖
 
   
   
 
   
   (
 
   
   
 
   
  )‖
 
 
  .‖  (
 
   
   
 
   
  )‖
 
 ‖(
 
   
   
 
   
  )   ‖
 
/                 
  ‖   ‖   .‖  (
 
   
   
 
   
  )‖
 
 ‖  (
 
   
   
 
   
  )‖
 
/ 
  ‖(  (
 
   
   
 
   
  ))  (  (
 
   
   
 
   
  ))‖
 
                 
  ‖
 
   
        
 
   
     ‖
 
  ‖
 
   
       
 
   
     ‖
 
 
  ‖
 
   
       
 
   
     ‖
 
   ‖   ‖   ‖
 
   
      ‖
 
         
  ‖
 
   
      ‖
 
  ‖
 
   
       
 
   
      ‖
 
                              
Chapter III 
Nelson Mandela Metropolitan University  138 
 
 
 
   
‖     ‖  
 
   
 ‖    ‖  ‖    ‖   
 ( 
 
   
        )‖   ‖  
      
      
 ‖    ‖  ‖    ‖              
 
      
      
‖           ‖                                                                                
Hence   is an (
 
   
 
 
   
 ( 
 
   
        )  
      
      
 
      
      
)- symmetric more 
generalized hybrid mapping. In addition, we have  
 
   
 
  
   
 
 
   
                 , 
 
   
 
 
   
 
      
      
 
      
      
 
       
      
   and 
      
      
 
      
      
 
          
      
  . 
Therefore, by Corollary 3.31 or Theorem 3.23, we get that   has at least one 
fixed point in  . Consequently,   has at least one fixed point. 
 
If          and         are fixed points of  , then we have that 
 ‖       ‖
    ‖      ‖
  ‖      ‖
    ‖     ‖
  
    ‖      ‖
  ‖      ‖
    ‖                 ‖    implies that 
 ‖     ‖
    ‖     ‖
  ‖     ‖
    ‖     ‖
  
      ‖     ‖
  ‖     ‖
    ‖               ‖     
Hence         ‖     ‖
   .  
Since            , it follows that ‖     ‖
    and      . Therefore 
if         , the fixed point of   is unique    
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In the next section we use Theorem 3.23 and Corollary 3.30 to get the results 
on other well-known kinds of mappings found in [58] which are not contained 
in the class of symmetric generalized hybrid mappings.   
3.12 Pseudo-contractive mappings 
 
Definition 3.10 (Widely strictly pseudo-contractive or widely  -strictly 
pseudo-contractive mappings) Let   be a Hilbert space and let   be a 
nonempty closed convex subset of  . A mapping       is called a widely 
strict pseudo-contraction if there exists     with     such that  
‖     ‖  ‖   ‖   ‖             ‖  for all      . 
When    , such mappings are called widely pseudo-contractive or widely 
pseudo-contractive mappings. Whereas      , they are called strictly 
pseudo-contractive or strictly  - pseudo-contractive mappings [58]. 
The results which will be discussed in this section generalize Theorem 3.1, 
because when    ,   is a nonexpansive mapping. 
Theorem 3.25 ( [18], Theorem 4.1) Let   be a real Hilbert space and let   be 
a nonempty bounded closed convex subset of   and let   be a widely strict 
pseudo-contraction from   into itself. Then   has a fixed point in  . 
Proof. Let us assume first that    . We have 
 ‖     ‖  ‖   ‖   ‖             ‖    for all      .  
Then   is an              -symmetric more generalized hybrid mapping. In 
addition  
              ,               and          so 
that conditions (i), (ii) and (iii) of Theorem 3.23 are satisfied. Therefore, from 
Theorem 3.23,   has a fixed point. 
Assume that       and define   by  
             , for all    . Then    
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with      . Then   is a mapping from   into itself and the set of fixed 
points of   and   coincide. 
Using the fact that for all       and    , we have, by Lemma 1.1, that   
‖         ‖        ‖   ‖   ‖ ‖       ‖ ‖ . 
Since   is a              -symmetric more generalized hybrid mapping we 
get  
‖     ‖  ‖   ‖   ‖             ‖  
 ‖(
 
   
   
 
   
 )  (
 
   
   
 
   
 )‖
 
 ‖   ‖  
      ‖      (
 
   
   
 
   
 )  (
 
   
   
 
   
 )‖
 
 
 ‖
 
   
        
 
   
     ‖
 
 ‖   ‖  
      ‖
 
   
      
 
   
       ‖
 
 
 
 
   
‖     ‖  
 
   
‖   ‖  
 
   
 
 
   
‖             ‖  
    ‖   ‖  
 
      
‖             ‖  
 
 
   
‖     ‖  
 
   
‖   ‖  
   
      
‖             ‖   . 
Then   is a (
 
   
    
 
   
 
   
      
)-symmetric more generalized hybrid. 
Since 
 
   
     
 
   
     
 
   
 
   
      
   and 
   
      
  , it follows that 
conditions (i),(ii) and (iii) of Theorem 3.23 are satisfied. Therefore, from 
Theorem 3.23,   has a fixed point in   and hence   has a fixed point    
 
Using (i) and (v) of Lemma 1.5, we get the following theorem. 
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Theorem 3.26 ( [18], Theorem 4.2) Let   be a real Hilbert space,   a 
nonempty bounded closed convex subset of  , and let   be a widely strict 
pseudo-contraction from   into itself. Let     and        . Define a 
mapping       as follows:               for all    . Then   has a 
fixed point in  . 
Proof. Since   is a widely  -strict pseudo-contraction from   into itself for 
some    , we have that  
‖     ‖  ‖   ‖   ‖             ‖  for all      . 
If    , then 
‖     ‖  ‖   ‖   ‖             ‖  
                        ‖   ‖   
for all      . 
Therefore   is a nonexpansive mapping. Now,  
 
      
‖     ‖  ‖     ‖  ‖   ‖  for all       and                   . 
Hence  
‖     ‖        ‖   ‖  for all       and        . 
Therefore   is a contraction mapping. By the Banach Contraction Principle, 
we conclude that   has a unique fixed point in  . 
Let        . Since 
‖           ‖  ‖    ‖  ‖    ‖  ‖    ‖  ‖    ‖  
‖   ‖  ‖     ‖ , and   is a widely  -strict pseudo-contraction, it follows 
that  
     ‖     ‖       ‖   ‖    ‖    ‖  ‖    ‖  
‖    ‖  ‖    ‖     for all      . 
For     and          , define a TWY mapping   by 
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                        for all    . 
Hence we have from (i) of Lemma 1.5 that 
 
           
‖     ‖  
  
           
‖   ‖  
 
 
   
 ‖    ‖  ‖    ‖  ‖    ‖  ‖    ‖   
      ‖   ‖    ‖    ‖  ‖    ‖  ‖    ‖  ‖    ‖    . 
We have from (i) of Lemma 1.5 that 
 
           
‖     ‖  
  
           
‖   ‖  
  
 
           
 ‖    ‖  ‖    ‖  ‖    ‖  ‖    ‖   
  
   
           
‖   ‖       ‖   ‖  
   
 
          
 ‖    ‖  ‖    ‖  ‖    ‖  ‖    ‖   
   
   
          
‖   ‖  
 
 
           
‖     ‖  
  
           
 ‖    ‖  ‖    ‖   
   .
  
           
 
           
          
/‖   ‖  
   
  
           
 ‖    ‖  ‖    ‖      
Therefore   is an 
(
 
           
  
  
           
 (
  
           
 
           
          
)  
  
           
)-symmetric 
generalized hybrid mapping from   into itself.  
Observe that 
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      (        )
           
  , 
 
           
 
  
           
 
  
           
 
 
           
  , 
  
           
  . 
Therefore, by Corollary 3.30,   must have a unique fixed point, say    . 
Since   is a fixed point of  , we have                       . As 
     , we have that  
                and hence   has a unique fixed point in     
Chapter IV 
Nelson Mandela Metropolitan University  144 
 
CHAPTER IV FIXED POINT THEOREMS FOR NON-SELF-MAPPINGS 
 
4.1   Introduction 
 
This chapter is devoted to generalizations of some theorems for non-self- 
mappings on metric and Banach spaces. Some results found in Chapter III 
will be generalized. 
4.2 Nonexpansive mappings satisfying Leray-Schauder boundary    
conditions 
 
In this section, we give two important theorems which generalize the Browder-
Kirk theorem in [55]  and [56]. 
Theorem 4.1 below is a generalization of the Browder-Kirk theorem found in 
[55] and [56] by using the (L-S) condition. However, an extra condition to the 
(L-S) condition on    is required. 
For the following theorem, recall the (L-S) condition, namely Definition 1.22, in 
Chapter I. 
Theorem 4.1 ( [71], Theorem 3.1) Let   be a bounded closed convex subset 
of a Banach space   with       , and suppose that   has the fixed point 
property with respect to nonexpansive self-mappings. Let       be a 
nonexpansive mapping satisfying the following conditions. 
(i)   satisfies (L-S) on    , and 
(ii)    {‖    ‖          }   . 
Then   has a fixed point in  . 
Proof. There exists        such that             for all     ,    , 
by (i). Let        {‖             ‖              }.  
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Since the same arguments below would hold for              if    , it 
follows without loss of generality that we may assume that    . So         
and hence     .  
We show by contradiction that          {‖     ‖             
 }   . 
Suppose that    . Then we can find a sequence {  } in    with      , 
and a sequence {  }        such that ‖        ‖    as    , by 
definition of infimum. 
Since    is closed,      (because         ) and       for all    , 
we have ‖  ‖    for all    . Since    is closed, it follows that there exists 
    such that ‖  ‖     for all     (by [2], Theorem 3.3.1). Furthermore, 
we can find     such that ‖ ‖    for all    , because   is a bounded 
set. 
Now, ‖  ‖  ‖        ‖  ‖     ‖  ‖  ‖ for all    . 
Since   is nonexpansive, we have ‖     ‖  ‖   ‖  ‖ ‖    for all 
   . Therefore, 
 ‖  ‖  ‖     ‖  ‖  ‖    ‖  ‖ for all    . 
Since |‖   ‖  ‖    ‖|  ‖        ‖    as    , it follows that 
 |‖   ‖    ‖  ‖|    as    . Hence there exists       such that 
  ‖  ‖  ‖   ‖     for all      , which implies that 
   
  
 
 
‖   ‖
‖  ‖
  for all      .                                                                  (4.1.1)                                                                  
Now,  
‖   ‖
‖  ‖
 
  ‖  ‖
 
 for all    .                                                             (4.1.2) 
Therefore, by (4.1.1) and (4.1.2),       
  ‖  ‖
 
  for all      , and hence 
{  } is bounded. Consequently, by the Bolzano-Weierstrass theorem, {  } 
has a convergent subsequence, and therefore, in what follows, we may 
suppose that {  } converges to    , say. 
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Now, ‖        ‖  ‖        ‖  |    |‖  ‖  |    |  for all    . 
 ‖       ‖  ‖                 ‖ 
                           ‖        ‖  ‖        ‖    as     . 
Therefore, if    , then ‖      ‖    as    , and so there is a contra- 
diction because    {‖    ‖          }    by (ii). 
Hence it follows that    . 
We show that the sequence {  } is Cauchy. Observe that, since   is 
nonexpansive, 
‖       ‖  ‖                       ‖ 
                                      ‖       ‖  ‖       ‖  ‖       ‖ 
                                 ‖       ‖  ‖     ‖  ‖       ‖ 
for all     . 
This implies that  ‖       ‖  ‖     ‖  ‖       ‖  ‖       ‖ for 
all      , and hence 
     ‖     ‖  ‖       ‖  ‖       ‖    as     . 
 
Therefore, since    , ‖     ‖  
‖       ‖ ‖       ‖
   
   as      , 
and hence {  } is Cauchy. Therefore {  } converges, say, to      , becau- 
se   , being a closed subset of a Banach space, is complete.  
We have      , which implies that         and         as    .  
Hence                . Therefore 
‖       ‖        ‖       ‖   . 
Since         , we have              .  
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Hence          . This leads to a contradiction since ‖       ‖   , 
and therefore we must have    {‖     ‖          }   . 
 
Let   
  ‖  ‖
 
 with   and   as defined above. Since    , there exists 
        such that 
    
      
        
  .  
Therefore 
                                    , i.e.                  (4.1.3) 
we have  (        )         and this requires    . 
 
Let           and define              
 . 
 
Suppose that     , where     .Then, if        for     , where    , 
we have that 
  
‖   ‖
‖ ‖
 
‖      ‖
‖ ‖
 
‖   ‖ ‖  ‖
‖ ‖
 
 ‖  ‖ ‖  ‖
‖ ‖
 
    ‖  ‖        
‖ ‖
,             (4.1.4) 
because ‖  ‖    ‖  ‖ and ‖  ‖         as ‖ ‖    for all    . 
Now, for all    , we have    
    ‖  ‖        
‖ ‖
 
   ‖  ‖
‖ ‖
 
  ‖  ‖
 
, since 
        and ‖ ‖     . 
 We have 
 ‖       ‖  ‖             ‖  ‖      ‖  ‖      ‖ for all 
     
Thus  
‖      ‖  ‖         ‖  ‖      ‖  ‖     
     ‖  ‖      ‖ 
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  ‖     ‖  ‖  ‖  ‖      ‖                                    
by the inverse triangle inequality. 
Since      {‖     ‖              }, it follows that  
‖      ‖           ‖ ‖  ‖ 
 ‖                   , 
since ‖ ‖    for all     and          . 
Hence ‖      ‖                                    . 
By (4.1.3), this would not work if     because   
           
 
. Therefore 
      . 
 
If     , where     , then, by the convexity of  , we have that 
          
               for some    . 
Since   is convex,     and     ,     , and so       , implying that 
       if     . Thus, whether or not      ,        if      and   
 . 
 
If      , then 
 ‖       ‖  ‖     
        ‖ 
 ‖       ‖   ‖     ‖                                        
  ‖   ‖                                                                             
Hence ‖       ‖   ‖   ‖ for all       and so    is a contraction 
mapping. 
By [65], Theorem 5, there exists      such that    
    , i.e.         
  . 
This implies that           and            .  
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Hence we get that the map                 is surjective, since    
       was chosen arbitrarily. 
 
Since 
 ‖               ‖  ‖                 ‖ 
 ‖            ‖         
 |‖   ‖  ‖        ‖|  
 |‖   ‖   ‖     ‖|     
 ‖   ‖   ‖     ‖       
 ‖   ‖   ‖   ‖            
      ‖   ‖                        
for all           implies that      ‖   ‖    and therefore 
               . This implies that         :          exists and if 
               , then                  and is nonexpansive. 
Let   ̃                , where    . 
Let    . Since               , it follows that                 for 
some      and  ̃                   . Therefore  ̃ maps   into itself. 
 
We prove that  ̃ is nonexpansive. 
Observe that, since   is nonexpansive, 
‖ ̃    ̃  ‖  ‖     
                
          ‖ 
                                 ‖                 ‖ 
                                 ‖               ‖     
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                                      ‖     ‖  ‖     ‖ for all        . 
 
Therefore  ̃ is a nonexpansive mapping. Since   has the fixed point property 
with respect to nonexpansive self-mappings, it follows that  ̃ has a fixed 
point. Therefore   has a fixed point. Let   be the fixed point set of   in 
      . 
We show that   has           as fixed point set.  
If   is a fixed point of  , we have                      and 
         
 
   
 ( 
 
   
   
 
   
)  
 
   
   
 
   
.  
Hence  
 
   
 
 
   
 . 
Thus the fixed points of   are of the form 
 
   
           , where    . 
Therefore the fixed point set of   is          and is nonempty because   is 
nonempty    
 
The next corollary generalizes the Browder’s theorem, Theorem 3.2 in [55] 
and Kirk’s Theorem, Theorem 3.3 in [56] to non-self-mappings. 
Corollary 4.1 ( [71], Corollary) Suppose that   is a bounded closed convex 
subset of the Banach space   and suppose that   has the fixed point property 
with respect to nonexpansive self-mappings. If       is nonexpansive, and 
       , then   has a fixed point in  . 
Proof. Since      for all     , without loss of generality,         (as 
in the proof of the previous theorem), we have       for all      and 
     Thus condition (i) of the previous theorem holds. 
If    {‖    ‖          }   , then there exists {  } such that    
         and ‖      ‖  
 
 
 for all    . But, since        , this 
cannot happen. Therefore 
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   {‖    ‖          }   .  
Hence condition (ii) of Theorem 4.1 is fulfilled. Since both conditions (i) and (ii) 
of Theorem 4.1 are satisfied, it follows that   has a fixed point    
Proposition 4.1 ( [71], Proposition) Let   be a closed convex subset of a 
Banach space   with       . If       is nonexpansive and satisfies 
   {‖    ‖    }     {‖    ‖          }, then   satisfies (L-S)  on 
  . 
Proof. The proof is by contradiction. Assume that for all       , there exists 
     and     such that            . 
Let         such that ‖    ‖   , where      {‖    ‖          }. 
Since    {‖    ‖    }     {‖    ‖          }, we get that    . 
Since       , there exists      and     such that             . 
Then ‖    ‖  ‖            ‖  ‖          ‖ 
                              ‖          ‖       ‖     ‖. 
Now ‖    ‖  ‖          ‖ 
 ‖     ‖  ‖    ‖                                                   
 ‖   ‖                                                                          
and therefore we have ‖      ‖  ‖    ‖  ‖   ‖   . 
Thus      ‖     ‖   , which implies that ‖    ‖   . By definition of   
and since     , this can happen only if     . However, since    , and 
    ,             implies that     . This is a contradiction    
 
The following theorem generalizes also Browder-Kirk theorem to non-self-
mappings. 
Theorem 4.2 ( [71], Theorem 3.2) Let   be a bounded closed convex subset 
of a Banach space   with       , and suppose that   has the fixed point 
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property with respect to nonexpansive self-mappings. If       is 
nonexpansive and satisfies 
   {‖    ‖    }     {‖    ‖          }, then   has a fixed point 
in  . 
Proof. This theorem is a corollary of Theorem 4.1 because 
     {‖    ‖    }     {‖    ‖          } implies 
    {‖    ‖          }   . Proposition 4.1 shows that   satisfies (L-S) 
on    (i.e. condition (i))    
4.3 Mappings satisfying inward conditions 
 
In this part, two important theorems related to weakly inward mappings are 
generalized, namely the Banach Contraction Principle and Kirk’s theorem for 
nonexpansive self-mappings of bounded, closed and convex sets with normal 
structure [56]. 
The following theorem generalizes the Banach Contraction Principle and will 
be used to prove other results. 
The proof of the following theorem involves transfinite induction, and will 
therefore be omitted. 
Theorem 4.3 (Caristi’s theorem) ( [21], Theorem 2.1) Let       be a 
complete metric space and let    be a closed subset of  . Suppose that 
      is an arbitrary function and       is continuous. If there exists a 
real number     such that  
 (          )                     for all    , 
then   has a fixed point. 
Theorem 4.4 ( [21], Theorem 2.2) Let       be a complete metric space,   a 
closed subset of  , and       a metrically inward contraction mapping with 
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Lipschitz constant    , i.e for each    , there exists     such that 
                      . Then   has a fixed point. 
Proof. We prove this by contradiction. Assume that   has no fixed point. Then 
we can define a mapping      , where        with     and   and   
are arbitrary elements in   such that                       : Since   
has no fixed point,           for all    . So         , i.e.    , if we 
take     . 
For    , we have 
  (          )              (        ) 
          (        )                                           
          (      )   (        )                 
          (      )    (      )                    
                                              (      ). 
Therefore  (          )                (      ). 
Using Theorem 4.3, with        , we conclude that   must have a fixed 
point. This is a contradiction to the definition of the mapping      
 
In the following theorem we have changed the assumption of weakly 
inwardness of   in Theorem 2.3 [21] by inwardness, because it seems that 
there is an error in the original proof.  
Theorem 4.5 Let   be a Banach space and   a closed convex subset of  . 
Let       be an inward Lipschitz mapping with Lipschitz constant    . 
Then   has a fixed point. 
Proof. We use a contradiction to show that   has a fixed point. 
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Assume that   has no fixed point. Let        such that   
   
   
. We will 
define a function       such that for every     and for a fixed    , 
‖          ‖  ‖    ‖   ‖      ‖. 
By Theorem 4.3,   must have a fixed point. 
To prove that such a function       exists, we prove that there exists     
such that   
‖    ‖  ‖    ‖   ‖   ‖, where     
   
   
. 
Let     . Since   is inward, it follows that it is weakly inward, hence from 
Corollary 1.2,  we get that there exists         such that  
    (            )   ‖    ‖. This uses the fact thtat ‖    ‖   , 
since   has no fixed point. 
Since  (            )        ‖            ‖, it follows that 
 ‖            ‖    ‖    ‖ for some    . 
Using the fact that ‖            ‖   ‖    ‖, we get  
‖   ‖
‖            ‖
 
‖            ‖  ‖            ‖
‖            ‖
  
   
‖            ‖
‖            ‖
             
   
‖            ‖
 ‖    ‖
             
                                                          
Then ‖            ‖  
‖   ‖
   
. Furthermore, 
‖            ‖   ‖            ‖. 
Now, since   is inward, it follows that it is metrically inward ( [21], pp. 247). 
Observe that      . Hence we have that  
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 ‖    ‖  ‖            ‖  ‖             ‖  ‖     ‖ 
             ‖            ‖  ‖             ‖   ‖   ‖        
     ‖            ‖  ‖    ‖  ‖            ‖  
  ‖   ‖                                                                                     
       ‖            ‖  ‖    ‖  ‖            ‖ 
                             ‖   ‖.  
                      ‖            ‖  ‖    ‖   ‖   ‖                          
      
‖   ‖
   
      ‖    ‖   ‖   ‖                                          
                     ‖    ‖  (  
   
   
) ‖   ‖.   
Let       . We get that ‖           ‖  ‖    ‖   ‖       ‖ for all 
   , where     
   
   
. Since   
   
   
, we have     
   
   
  . This is a 
contradiction to Theorem 4.3 and   must have a fixed point    
 
The following theorem extends Kirk’s theorem [56] to weakly inward 
mappings. 
Theorem 4.6 ( [21], Theorem 2.6) Let   be a Banach space,   a closed 
convex subset of   which possesses the fixed point property for 
nonexpansive self-maps, and suppose that       is a Lipschitzian, pseudo-
contractive mapping (i.e. ‖   ‖  ‖                   ‖ for all 
      and for all     ) which is weakly inward. Then   has a fixed point in 
 . 
Proof. Let     be sufficiently small such that    is contractive, with   
 
   
 , 
and let   [        ]  . We first prove that [        ]    Range 
      exists. 
We show that   is nonexpansive. Since   is pseudo-contractive, 
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‖[        ]  [        ] ‖  ‖                   ‖  ‖  
 ‖. 
Therefore it also follows that ‖         ‖  ‖   ‖. Hence   is one to 
one, and [        ]   Range       exists. 
 
Since   
 
   
, it follows that the range of   is contained in  . 
We show that the domain of   contains  . 
Consider a fixed     and let  ̃        ̃            . 
Since 
‖ ̃   ̃ ‖  ‖                       ‖ 
                      ‖       ‖ 
                       ‖   ‖, 
for some    , it follows that  ̃ is a contraction mapping.  
Let      and let           ( see Definition 1.18). Let      ,     . 
There exist       such that  
           [        ]       [        ]  
                                   
                                       [           ]         
since             because   is convex. Therefore       is a convex set 
containing  , and hence  the weak closure      ̅̅ ̅̅ ̅̅ ̅ of   is also a convex set 
containing  . 
Therefore, since   is weakly inward,  ̃  is a convex combination of elements 
of      ̅̅ ̅̅ ̅̅ ̅ and thus  ̃ is weakly inward. 
Then we can find a point     which is fixed point of  ̃, by Theorem 4.5. 
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Now,    ̃                                . 
After rearranging the terms, we get 
                       . Thus   is in the range of         , 
so that       . 
Therefore the mapping   |  is a nonexpansive self-mapping of  (since 
Range     ). Hence, since   possesses the fixed point property for 
nonexpansive self-maps,   has a fixed point, say  .  
In conclusion             and thus         
4.4 Fixed point theorems for nonlinear non-self-mappings in Hilbert 
spaces and applications 
 
In this section, we will generalize some results which are found in Chapter III 
to non-self-mappings. 
Using Corollary 3.27, we prove the main theorem of this section, which is a 
generalization of Corollary 3.27 to non-self-mappings on a Hilbert space. 
Theorem 4.7 ( [70], Theorem 3.1) Let   be a nonempty, bounded, closed and 
convex subset of a Hilbert space  , and let                . Let       
be an                - widely more generalized hybrid mapping. Suppose 
that it satisfies the following condition (i) or (ii): 
(i)          ,                       and      ; 
(ii)          ,                      and      . 
Assume that there exists a positive real number     such that for any   
 , 
             
for some     and     with      . Then   has a fixed point in  . In 
particular, a fixed point of   is unique if           in (i) and (ii). 
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Proof. By assumption, for any    , we can find     and      , with  
  and      , such that  
           , and hence   
 
 
   
   
 
 . 
Define a mapping         (  
 
 
)   
 
 
 . 
Observe that   is well defined, because (  
 
 
)  
 
 
   and   is convex, and 
hence (  
 
 
)   
 
 
   . 
Then    (  
 
 
)   
 
 
  (  
 
 
)   
 
 
(
 
 
   
   
 
 )  
 
 
   
   
 
 . 
If     with      , we get that  
   
 
   
   
 
   
 , 
which implies that               , and hence            . 
We know from Lemma 1.1 that, in a Hilbert space  , we have  
‖         ‖        ‖   ‖   ‖ ‖       ‖ ‖  for all       
and    . 
By            , the previous inequality and the assumption that 
      is an                - widely more generalized hybrid mapping, we 
have 
 ‖     ‖   ‖    ‖   ‖    ‖   ‖   ‖   ‖    ‖  
     ‖    ‖   ‖             ‖  
  ‖           (          )‖
 
  ‖  (          )‖
 
 
    ‖            ‖   ‖   ‖   ‖  (          )‖
 
 
    ‖            ‖  
     ‖  (          )  (  (          ))‖
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  ‖                   ‖   ‖                  ‖  
    ‖                  ‖   ‖   ‖   ‖           ‖  
    ‖           ‖   ‖                       ‖  
       ‖     ‖    ‖   ‖         ‖           ‖ 
         ‖    ‖    ‖   ‖         ‖    ‖  
          ‖    ‖    ‖   ‖         ‖    ‖  
     ‖   ‖         ‖    ‖  {       ‖    ‖  
            ‖           ‖  
       ‖     ‖        ‖    ‖        ‖    ‖  
                 ‖   ‖                ‖    ‖  
                  ‖    ‖  
                   ‖           ‖     
for all      . 
This implies that   is an 
                                                       
                          - widely more generalized hybrid mapping 
from   into itself. 
Case 1: Since          ,                       and 
     , it follows that  
                                            , 
                                            
      (                  )                   , 
                              (              )   
    . 
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By Corollary 3.27, we get that   has at least one fixed point in   and 
      if and only if     , i.e. the fixed points of   and   coincide. 
Suppose that           and let       such that         and 
      . We get that  
         ‖     ‖
  
  ‖       ‖
   ‖      ‖
   ‖      ‖
   ‖     ‖
   ‖      ‖
  
    ‖      ‖
   ‖                 ‖
  
  ‖     ‖
   ‖     ‖
   ‖     ‖
   ‖     ‖
   ‖     ‖
  
     ‖     ‖
   ‖               ‖
     
Hence ‖     ‖
    and      . This is a contradiction and thus the fixed 
point of   must be unique. 
Case 2:          ,                      and     
 , we get the result by repeating all the steps of the above proof by 
interchanging   and      
 
The next result extends Theorem 4.7 and generalizes Theorem 3.21 to non-
self-mappings. 
Theorem 4.8 ( [70], Theorem 3.2) Let  be a Hilbert space, let    be a 
nonempty, bounded, closed and convex subset of   and let   be an 
               - widely more generalized hybrid mapping from   into   which 
satisfies the following condition (i) or (ii): 
(i)          ,           ,            and 
 [     {              }   ; 
(ii)          ,           ,         and  
[     {              }   . 
Assume that there exists     such that for any    , 
Chapter IV 
Nelson Mandela Metropolitan University  161 
 
            
for some     and     with      . Then   has a fixed point. In 
particular, a fixed point of   is unique if           in (i) and (ii). 
Proof. Define            . 
Then   is a mapping from   into  . Since    , it follows that the sets of fixed 
points of   and   coincide. 
Now,   
 
   
  
 
   
 . 
Using this fact, we have from Lemma 1.1 that   
‖         ‖        ‖   ‖   ‖ ‖       ‖ ‖  for all       
and    , 
and the fact that   is an                - widely more generalized hybrid 
mapping, we get  
 ‖     ‖   ‖    ‖   ‖    ‖   ‖   ‖   ‖    ‖  
     ‖    ‖   ‖             ‖  
  ‖
 
   
   
 
   
   (
 
   
   
 
   
  )‖
 
 
     ‖  (
 
   
   
 
   
  )‖
 
  ‖
 
   
   
 
   
    ‖
 
  ‖   ‖  
     ‖  (
 
   
   
 
   
  )‖
 
   ‖  (
 
   
   
 
   
  )‖
 
 
  ‖(  (
 
   
   
 
   
  ))  (  (
 
   
   
 
   
  ))‖
 
                    
  ‖
 
   
        
 
   
     ‖
 
  ‖
 
   
       
 
   
     ‖
 
 
     ‖
 
   
       
 
   
     ‖
 
  ‖   ‖   ‖
 
   
      ‖
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     ‖
 
   
      ‖
 
  ‖
 
   
       
 
   
      ‖
 
 
 
 
   
‖     ‖  
 
   
‖    ‖  
 
   
‖    ‖  
   ( 
 
   
         ) ‖   ‖  
      
      
‖    ‖  
    
      
      
‖    ‖  
      
      
‖           ‖     
Hence   is an 
 
 
   
 
 
   
 
 
   
   
 
   
           
      
      
 
      
      
 
      
      
 - widely more  
generalized hybrid mapping. 
Case 1: Consider the case where          ,           , 
           and [     {              }   . 
Let   [     {              }. We get 
 
   
 
 
   
 
 
   
 ( 
 
   
         )             
 
   
 
 
   
 
      
      
 
      
      
 
       
      
    
 
   
 
 
   
 
      
      
 
      
      
 
       
      
   
      
      
 
      
      
 
          
      
    
By assumption, there exists     such that for any    , we have  
                    (        )                   
for some     and      . From      , we get           . 
Setting         , we have that there exists     such that for any    , 
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for some     and   with      . Thus we get from Theorem 4.7 that   
has at least one fixed point in  . Since      if and only if     , i.e. the 
fixed points of   and   coincide, it follows that   has at least one fixed point in 
 . 
 
Suppose that           and let       such that        and 
      . Then    and    are fixed points of  . 
Now, 
         ‖     ‖
  
  ‖       ‖
   ‖      ‖
   ‖      ‖
   ‖     ‖
   ‖      ‖
  
     ‖      ‖
   ‖                 ‖
  
  ‖     ‖
   ‖     ‖
   ‖     ‖
   ‖     ‖
   ‖     ‖
  
     ‖     ‖
   ‖               ‖
   . 
We have that ‖     ‖
    and hence      . This is a contradiction and 
the fixed point of   must be unique. 
Case 2:          ,           ,         and  
[     {              }   .  
We repeat the above proof by interchanging   and   to get the result    
 
 
The next result on generalized hybrid mappings extends Corollary 3.23 to 
non-self-mappings using Theorem 4.7. 
Theorem 4.9 ( [70], Theorem 4.1) Let  be a Hilbert space, let    be a 
nonempty, bounded, closed and convex subset of   and let   be a 
generalized hybrid mapping from   into  , i.e. there exits       such that  
 ‖     ‖       ‖    ‖   ‖    ‖       ‖   ‖  
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for any      . Suppose that     and assume that there exists     such 
that for every    , 
            
for some     and     with      . Then   has a fixed point. 
Proof. We observe that an      -generalized hybrid mapping   from  into   
is an                        - widely more generalized hybrid mapping. 
In addition condition (ii) of Theorem 4.7 is satisfied because  
                    , 
               , 
             , 
     . 
Since, by assumption, we have that there exists     such that for any   
 , 
            
for some     and     with      , we get from Theorem 4.7 that   
must have a fixed point    
 
Using Theorem 4.7, we prove a result for widely generalized hybrid mappings 
which extends Corollary 3.25 of Theorem 3.18 to non-self-mappings. This 
theorem is a special case of Theorem 4.7. 
Theorem 4.10 ( [70], Theorem 4.2) Let  be a Hilbert space,   a nonempty, 
bounded, closed and convex subset of  , and let   be an              - 
widely generalized hybrid mapping from   into   which satisfies the following 
condition (i) or (ii): 
(i)          ,          and      ; 
(ii)          ,          and      . 
Assume that there exists     such that for every    , 
Chapter IV 
Nelson Mandela Metropolitan University  165 
 
            
for some     and     with      . Then   has a fixed point. In 
particular, a fixed point of   is unique if           in (i) and (ii). 
Proof. Since   is an              - widely generalized hybrid mapping, for all 
     , we have 
 ‖     ‖   ‖    ‖   ‖    ‖   ‖   ‖  
    { ‖    ‖   ‖    ‖ }     
Case 1: If          ,        , and      , then, since 
 ‖    ‖     { ‖    ‖   ‖    ‖ } , we get that  
 ‖     ‖   ‖    ‖   ‖    ‖   ‖   ‖   ‖    ‖   . 
Hence   is an              - widely generalized hybrid mapping. In addition, 
we have that 
                                  and      . 
Therefore Condition (i) in Theorem 4.7 is satisfied. Since we have by assum- 
ption that there exists    such that for any    , 
            
for some     and     with      , it follows from Theorem 4.7 that   
has a fixed point and, in particular, the fixed point is unique if         
 . 
Case 2: If          ,          and      , we get the result 
by repeating the above proof by interchanging   and      
 
We now prove an extension of Theorem 3.26 to generalized strict pseudo-
contractive non-self-mappings in a Hilbert space. 
Theorem 4.11 ( [70], Theorem 4.3) Let  be a Hilbert space,   a nonempty, 
bounded, closed and convex subset of   and let   be a generalized strict 
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pseudo-contractive mapping from   into  , i.e. there exist       with 
      such that  
‖     ‖   ‖   ‖   ‖             ‖  
for all       . Assume that there exists     such that for any    , 
            
for some     and     with      . Then   has a fixed point. In 
particular, if      , then   has a unique fixed point. 
Proof. Since a generalized strict pseudo-contractive mapping   from   into   
is a                  - widely more generalized hybrid mapping and, and 
since  
                                           
    and [     { |          }  [      , it follows that condition (i) 
in Theorem 4.8 is satisfied. In addition, since there exists     such that for 
every    , 
            
for some     and     with      . By Theorem 4.8, the result is proved 
and in particular, if      , then              implies that   has a 
unique fixed point    
 
Using Theorem 4.8, we can also prove an extension of Theorem 3.19 for 
super hybrid non-self-mappings in a Hilbert space. 
Theorem 4.12 ( [70], Theorem 4.4) Let  be a Hilbert space, let    be a 
nonempty, bounded, closed and convex subset of   and let   be a super 
hybrid mapping from   into  , i.e. there exist         such that  
 ‖     ‖         ‖    ‖            ‖    ‖  
                                                               (           )‖   ‖  
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                                                                           ‖    ‖   ‖    ‖  
for all      . Assume that there exists     such that for every    , 
            
for some     and     with      . Suppose that     or    . Then 
  has a fixed point. 
Proof. Since   is an        -super hybrid mapping from   into  , we get that 
  is an 
                                               -widely 
more generalized hybrid mapping and we have that 
                                       , 
                     and  
                               , 
from which it follows that  
         ,          ,        .  
We show that the condition [     {              }   , of condition 
(ii) in Theorem 4.8, is satisfied. 
If      , then we have that 
 [     {       (        )   } 
 [     {            }  {
[            
[
 
   
  )       
 
                                
Hence the condition [     {              }   , of condition (ii) in 
Theorem 4.8, is satisfied. 
If      , then 
Chapter IV 
Nelson Mandela Metropolitan University  168 
 
[     {       (        )   }  [      , and 
[     {              }   , of condition (ii) in Theorem 4.8, is satis- 
fied. 
If       and    , we have  
[     {       (        )   }  [     {  (        )   }    
                                                                          [  
 
   
] 
                         
Also [     {              }   , of condition (ii) in Theorem 4.8, is 
satisfied. Therefore, by Theorem 4.8, the result is proved    
Example 4.1 ( [70], pp. 10-12) Let   be the real line and consider the 
mapping  
  *  
 
 
+      (  
 
 
 )      
 
 
   for all   [  
 
 
]. 
We want to show that   has a unique fixed point   [  
 
 
] such that       . 
So what fixed point theorem can we use to show the existence of a fixed point 
of   ?  
Observe that    (  
 
 
 )      
 
 
   if and only if  
 
  
 
 
 
   
 
 
  
  
 
 
 
     . 
For all   [  
 
 
], we have 
  
 
 
 
   
.
 
  
 
 
 
   
 
 
  
  
 
 
 
/  .  
  
 
 
 
   
/  .
  
 
 
 
   
/      .  
  
 
 
 
   
/ , 
which implies that 
 
 
   
   
 
   
  .
  
 
 
 
   
/      
  
 
 
 
   
 . 
Since for all       and    , we have from Lemma 1.1 that  
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‖         ‖        ‖   ‖   ‖ ‖       ‖ ‖ , 
from which it follows that  
|
 
   
   
 
   
  (
 
   
   
 
   
 )|
 
 
 |.
  
 
 
 
   
/      
  
 
 
 
   
  (.
  
 
 
 
   
/      
  
 
 
 
   
 )|
 
. 
Now  
|
 
   
   
 
   
  (
 
   
   
 
   
 )|
 
  
|
 
   
       
 
   
     |
 
 and 
   
 
   
 
 
   
. 
 
Hence, we get from Lemma 1.1 that 
 
 
   
|     |  
 
   
|   |  
 
      
|             |  
 |.
  
 
 
 
   
/      
  
 
 
 
   
  (.
  
 
 
 
   
/      
  
 
 
 
   
 )|
 
. 
Let   *  
 
 
+      .
  
 
 
 
   
/      
  
 
 
 
   
 .  
Since   is continuous on [  
 
 
] and differentiable on    
 
 
 , it follows by the 
mean value theorem that there is an   with     
 
 
  such that  
|.
  
 
 
 
   
/      
  
 
 
 
   
  (.
  
 
 
 
   
/      
  
 
 
 
   
 )|
 
  |   |  for all     [  
 
 
]   
and 
 
   
|     |  
 
   
|   |   |   |  
 
      
|             |  
for all     [  
 
 
]. 
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Hence |     |  ( 
      
   
  ) |   |  
      
      
|             | . 
Therefore |     |        |   |  
 
   
|             |  for all 
    [  
 
 
]. 
Now         
 
 
  
 
 
. 
Since    (  
 
 
 )            for all   [  
 
 
], taking      , 
    
 
 
  and        for all   [  
 
 
], it follows that              
where        [  
 
 
] and       
 
 
       . By Theorem 4.11, 
we get that   has a fixed point   [  
 
 
]. 
We have      for some   [  
 
 
] if and only if   (  
 
 
 )             
if and only if   (  
 
 
 )          if and only if         . 
Therefore the fixed point of   is such that           
4.5 Some results obtained by the author 
 
This section contains results of the author which he did not find in the 
literature. 
The following theorem is inspired by [8], Proposition 3.1, and motivates the 
remaining results. 
Theorem 4.13 Let   be a compact subset of a metric space      . A conti- 
nuous map       has a fixed point if and only if    {           }   . 
Proof. If        has a fixed point, say  , then                 . Since 
{           } is a set of nonnegative real numbers, it follows that 
   {           }   . 
On the other hand, suppose that    {           }   . There exists a sequ- 
ence {  } in   such that           
 
 
 for all    . So            . Since 
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  is compact, {  } has a convergent subsequence {   }, say, with       
 . Therefore          , since   is continuous.  
Observe that  (         )          and  (         )   . By uniqueness of 
limits in metric spaces,          . Therefore      and   has a fixed point.  
  
Corollary 4.2 Let       be a compact metric space. A continuous map 
      has a fixed point if and only if    {           }   . 
 
Inspired by Theorem 4.13, we give the following result which, in the context of 
Banach spaces, is stronger than Theorem 4.13 with the additional condition 
‖ ‖   . 
Theorem 4.14 Let   be a closed subset of a Banach space   and let        
be a linear operator such that ‖ ‖   . If    {‖    ‖    }   , then    . 
Proof. Let         be a linear map such that ‖ ‖   .  Assume that    .  
Suppose that    {‖    ‖    }   . Then there exists a sequence {  } in   
such that ‖      ‖  
 
 
 for all    . Therefore ‖      ‖    as    . 
We show that {  } is a Cauchy sequence. We have 
‖     ‖  ‖      ‖  ‖       ‖  ‖      ‖ 
 ‖      ‖  ‖        ‖  ‖      ‖                          
   ‖      ‖  ‖ ‖‖     ‖  ‖      ‖                           
Hence    ‖ ‖ ‖     ‖  ‖      ‖  ‖      ‖. 
Therefore, since ‖ ‖   , it follows that 
‖     ‖  
 
  ‖ ‖
 ‖      ‖  ‖      ‖    as      . 
Hence {  } is a Cauchy sequence in  . Since   is complete and   is closed in 
 , it follows that   is also complete. Therefore, there exists     such that 
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    . Since   is bounded and linear, it follows that   is continuous and we 
have       . 
Therefore ‖      ‖    as     and ‖      ‖  ‖    ‖.  
By uniqueness of limits, we have ‖    ‖    and hence     .  Since 
   , we have that    . Therefore   
‖  ‖
‖ ‖
 and hence ‖ ‖   , which is a 
contradiction. Hence     and therefore    .    
 
The following result is motivated by the proof of Theorem 4.14. 
Theorem 4.15 If   is a Banach space and        is a bounded operator 
(not necessarily linear) such that   
‖     ‖  ‖ ‖‖   ‖ for all      , 
then   is a fixed point of  . 
If ‖ ‖   , then Theorem 4.15 follows from the Banach Contraction Principle. 
Proof of Theorem 4.15. Without loss of generality, assume that ‖ ‖   . For 
any positive real number  , since   is a vector space, we can form the 
operator 
 
‖ ‖  
     . Observe that ‖
 
‖ ‖  
 ‖   . 
Let  ̃  
 
‖ ‖  
 . Hence  ‖ ‖     ̃   . Now, by hypothesis, 
‖     ‖  ‖ ‖ ‖     ̃ ‖‖   ‖                                                                                        
  ‖ ‖    ‖ ̃ ‖‖   ‖                                                                   
for all      . 
Hence ‖ ̃    ̃  ‖  ‖ ̃ ‖‖   ‖ for all      . 
Since ‖ ̃ ‖   , it follows from the Banach Contraction Principle that  ̃  has a 
unique fixed point, say  , so that  ̃    . If    , we have that ‖ ̃ ‖    
‖ ̃  ‖
‖ ‖
. This is a contradiction. Therefore    . 
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Since  ̃    , it follows that     ‖ ‖       . Therefore   a fixed point of 
 .    
 
The following result is motivated by Theorem 4.15. But before, let us give a 
definition. 
Definition 4.1 (Orbit of an element under an operator) Let   be a Banach 
space and let       . The orbit of an element     under   is given by 
{             }. 
Definition 4.2 (Linearly bounded operator) Let  ,   be  normed spaces, a 
nonlinear operator       is said to be linearly bounded if ‖ ‖        
‖  ‖
‖ ‖
 
is finite. 
Proposition 4.2 Let   be a Banach space and let       be a continuous 
linearly bounded operator with ‖ ‖   . If there exists a nonzero element 
   , whose orbit does not contain  , then   is the unique fixed point of  . 
Observe that in Proposition 4.2, the mapping   is not assumed to be linear. If 
  is linear, then it is immediate that   is a fixed point of  . 
Proof of Proposition 4.2. Suppose that there is a nonzero element     
whose orbit does not contain zero.  
Hence ‖   ‖  ‖ ‖‖     ‖‖ ‖ for all    , so that, by induction, we have 
that  
‖   ‖  ‖ ‖ ‖ ‖ for all    . 
Now ‖       ‖  ‖   ‖  ‖   ‖  ‖ ‖ ‖ ‖  ‖ ‖   for all      . 
Since ‖ ‖   , we have for every      that there exists     such that 
‖       ‖    for all      . 
It follows that {   } is a Cauchy sequence in  . Since   is complete, it follows 
that       for some    . 
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We show that   is a fixed point of  . 
Since   is continuous, we have          
              
      . 
Therefore   is a fixed point of  . 
For the uniqueness of the fixed point  , we show by contradiction that    . 
Suppose that    . Then ‖ ‖   ,   
‖  ‖
‖ ‖
 and hence ‖ ‖   , which is a 
contradiction. Therefore      and the fixed point   is unique.    
 
Corollary 4.3 is stronger than Proposition 4.2. 
Corollary 4.3 Let   be a Banach space and        a continuous linearly 
bounded operator. If there exists a nonzero element    , whose orbit does 
not contain  , then   is a fixed point of  . 
Proof. For any real number    , since   is a vector space, we can form the 
operator 
 
‖ ‖  
     . Hence ‖
 
‖ ‖  
 ‖   . By Proposition 4.2, we have 
that   is the unique fixed point of 
 
‖ ‖  
  and hence a fixed point of  .    
Corollary 4.4 Let   be a Banach space and        a continuous linearly 
bounded operator. If     , then for all nonzero    , there exists     
such that      . 
Corollary 4.5 Let   be a Banach space and        a linearly bounded 
Lipschitzian operator, i.e. there exists a positive real number   such that 
‖     ‖   ‖   ‖ for all       (not necessarily linear). If there exists a 
nonzero element    , whose orbit does not contain  , then   is a fixed point 
of  . 
Inspired by Theorem 4.14, we get the following result which is stronger than 
Theorem 4.13. 
Theorem 4.16 Let       is be a complete metric space and   a closed subset 
of  . Let        be a continuous map for which there is an     and 
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      such that                           for all      . Then   has 
a fixed point if and only if    {           }   . 
Proof. If       is a continuous map such that   has a fixed point  , then 
     and hence          . Since {           } is also a set of 
nonnegative real numbers, it follows that    {           }   . 
On the other hand, suppose that    {           }   . There exists a sequ- 
ence {  } in   such that           
 
 
 for all    .  
Therefore             as    . We show that {  } is a Cauchy sequence 
in  . We have 
                                for all      . 
Hence  
                                     as      . 
Hence {  } is a Cauchy sequence in  . Since   is closed and hence 
complete, it follows that there exists      such that     . Since   is 
continuous we have that        . 
Therefore             as     and                  . By uniqueness 
of limits in metric spaces, we have           and hence     .    
Corollary 4.6 Let       be a complete metric space and let        be a 
continuous map for which there is an     and        such that         
                  for all      . Then   has a fixed point if and only if 
   {           }   . 
Theorem 4.17 Let    be a bounded, closed, convex subset of a Banach 
space  . Let        be an isometry for which there is an     and       
such that  ‖     ‖   ‖    ‖   ‖    ‖ for all      . Then   has a 
fixed point. 
Proof. Since   is an isometry, it follows that   is continuous. Furthermore, 
  ‖   ‖    ‖     ‖   ‖    ‖   ‖    ‖ for all      .  
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Since   is a bounded, closed, convex subset of   and   is an isometry, hence 
nonexpansive, it follows that    {‖    ‖    }    ( [4], Lemma 3.1). We 
get from Corollary 4.6 that   has a fixed point.    
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CONCLUSION 
 
As in most branches of mathematics, fixed point theory is kept growing by 
generalizations. These generalizations give some new theorems and in some 
cases, new mathematical methods and theories are developed in order to be 
able to generalize known results. Taking an example in this thesis, in Section 
2.4, we generalize the Banach Contraction Principle and a theory of local 
contractions and some definitions such as uniform local contraction, chain, 
mesh, chainable metric spaces are developed. This is applied to Section 2.5 
to derive the converse to the Banach Contraction Principle.   
Another example is Caristi's fixed point theorem, Theorem 4.3. This theorem, 
which generalizes the Banach Contraction Principle, has found many 
generalizations in the literature using different techniques. In this thesis, 
Caristi’s fixed point theorem is used to prove other fixed point theorems and to 
achieve these goals, the concept of inward mappings in Caristi’s sense is 
developed. As another example, the definition of nonspreading mappings 
gave rise to many other types of new mappings and are applied to derive new 
fixed point theorems. 
We have seen that almost all of the fixed point theorems of new types of 
mappings are defined on Hilbert spaces. For example, the fixed point 
theorems of hybrid mappings are known only on Hilbert spaces. Since we 
believe that the existence of a fixed point for such types of mappings relies 
mostly on the geometry of Banach spaces, we would like to consider the 
following questions for future research. 
Question 1 
Is it possible to develop theories or methods to generalize the fixed point 
theorems of new types of mappings, such as hybrid mappings, to general 
Banach spaces?  
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Question 2 
Is it possible to develop theories or methods to generalize those fixed point 
theorems of new types of mappings, such as hybrid mappings, to hyperbolic 
spaces ( [72], Definition 6.5)?  
A hyperbolic space is a triple        , where       is a metric space and   
a function       [   ]    such that for all           and         
[   ], we have  
W1)                                  , 
W2)  (                   )  |     |      , 
W3)                     , 
W4)  (                 )                     . 
We think that the new mappings defined on Hilbert spaces can be extended to 
the class of hyperbolic spaces because they contain all normed spaces and 
convex subsets thereof. 
 
We have seen that the proof of the Banach Contraction Principle and most of 
its generalizations in this thesis use constructive proofs to get a fixed point, 
which makes it easy to apply the Banach fixed point theorem and its 
generalizations. In the case of Edelstein’s fixed point theorem, Theorem 2.11, 
a constructive method is also used to get the fixed point. However, in its 
generalizations, namely Theorems 2.15 and 2.16, it is not the case. This can 
make them not easy be apply. However, we don’t know if one can get 
constructive methods for fixed points in these theorems. 
Question 3 
Is it possible to give a constructive proof of theorems such as Theorems 2.15 
and 2.16? 
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Question 4 
Is it possible to develop theories or methods for developing constructive 
methods to prove the uniqueness of solutions of some types of differential 
equations as it is done for the Banach Contraction Theorem? 
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